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Part I
Linear Algebra
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Groups and Fields
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Definition of a group

Definition 1 (Group)

A set G of elements with an operation + : G×G → G is called a group if the
following properties hold:

(G1) Associativity: ∀a, b, c ∈ G: (a+ b) + c = a+ (b+ c)

(G2) Identity element: ∃e ∈ G ∀g ∈ G: e+ g = g + e = g

(G3) Inverse elements: ∀a ∈ G ∃b ∈ G: a+ b = b+ a = e

The group is called a commutative group (Abelian group) if we have additionally that

(G4) Commutativity: ∀a, b ∈ G : a+ b = b+ a
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Examples of groups

• (Rn,+), (R+, ·) are groups.

• (R−, ·) is not a group (why?)

• Set Sn := {π : {1, . . . , n} → {1, . . . , n} | π is bijective}
Operation ◦ : Sn × Sn → Sn, π1 ◦ π2(i) = π1 (π2(i))
Together, (Sn, ◦) is a group (called the symmetric group with n elements).
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Definition of a field

Definition 2 (Field)

A set F with two operations +, · : F × F → F is called a field if the following
properties hold:

(F1) (F,+) is a commutative group, with identity element 0.

(F2) (F \ {0}, ·) is a commutative group with identity element 1.

(F3) Distributivity: ∀a, b, c ∈ F : a · (b+ c) = a · b+ a · c
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Examples of fields

• The real numbers with standard addition and multiplication: (R,+, ·)

• The complex numbers (see also below): (C,+, ·)

• For n ∈ Z consider the set Zn := {0, 1, . . . , n− 1}
Define addition: a+n b := (a+ b) mod n
Define multiplication: a ·n b := (a · b) mod n
Then (Zn,+n, ·n) is a field if and only if n is prime.

In this lecture, we will only deal with the fields R and C.
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Complex Numbers
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Motivation

In machine learning, our data is often represented by real numbers: R.

In linear algebra, however, it often helps if we extend the real numbers to complex
numbers: C.

We are not going to use a lot of maths of complex numbers, but at least use them to
factorize polynomials.

Here are the very basics:
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Quadratic equations over R

Quadratic equation: For given parameters a, b, c ∈ R, we want to find x ∈ R that
satisfies the quadratic equation:

ax2 + bx+ c = 0

In school you learned the formula:

x1,2 =
−b±

√
b2 − 4ac

2a

It has solutions in R if b2 − 4ac ≥ 0, otherwise it doesn’t.

Annoying!
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Imagine...

Imagine that
√
−1 exists, let’s give it a name: i :=

√
−1 (i for ”imaginary number”).

We can now define a new field of numbers, the complex numbers:

Definition 3 (Complex number)

A complex number is a number of the form a+ bi where a, b ∈ R. We call a the real
part and b the imaginary part of the number. Write C for the space of all such
numbers:

C = {a+ ib|a, b ∈ R}.
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Imagine... (2)

We define addition and multiplciation in the natural way:

(a+ bi) + (c+ di) := (a+ c) + (b+ d)i

(a+ bi) · (c+ di) := (ac− bd) + (ad+ bc)i

With these operations, C is a field.
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Quadratic equations over C
Consider the quadratic equation again: ax2 + bx+ c = 0.

Observe that it now always has a solution in C:

x1,2 =
−b±

√
b2 − 4ac

2a

Case 1: b2 − 4ac ≥ 0. Then solutions x1,2 ∈ R ”as usual”.

Case 2: b2 − 4ac < 0. Then can write√
b2 − 4ac︸ ︷︷ ︸

<0

=
√

− 1(4ac− b2)︸ ︷︷ ︸
>0

=
√

− 1︸ ︷︷ ︸
i

·
√
4ac− b2︸ ︷︷ ︸
>0,∈R

∈ C

= i · r , where r =
√
4ac− b2 ∈ R.

This leads to solutions in C.
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Fundamental theorem of algebra

Theorem 4 (Fundamental theorem of algebra)

Consider a polynomial a0 + a1x+ a2x
2 + . . .+ anx

n (where the ai can be real or
complex numbers). Assume that an ̸= 0, so we have a polynomial of degree n.

Then, any such polynomial has exactly n roots γ1, . . . , γn ∈ C (not necessarily
distinct) such that

a0 + a1x+ · · ·+ anx
n = an(x− γ1)(x− γ2) · · · (x− γn).
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More notation

For a complex number x = a+ ib we define its “complex conjugate” by x̄ := a− ib.
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Outlook

Dealing with complex numbers is a rich field in mathematics, but we will not touch it
any futher.
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Vector space
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Definition of a vector space

Definition 5 (Vector space)

Let F be a field with operations ⊕,⊙ with identity elements 0 and 1. A vector space
over the field F is a set V with two mappings

+ : V × V → V (”vector addition”)
· : F × V → V (”scalar multiplication”) such that:

(V1) (V,+) is a commutative group.

(V2) Multiplicative identity: ∀v ∈ V : 1 · v = v.

(V3) Associativity of scalar multiplication: ∀a, b ∈ F and ∀v ∈ V : (a⊙b)·v = a·(b·v).
(V4) Distributive properties: ∀a, b ∈ F and ∀u, v ∈ V :

a · (u+ v) = a · u+ a · v
(a⊕ b) · u = a · u+ b · u

(Careful, we have four different operations: ⊕,⊙ on F and +, · on V )
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Vector space

Elements of V are called vectors, elements of F are called scalars.

A vector space is sometimes called a real vector space if f = R and a complex vector
space if F = C.
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Examples of vector spaces

• Rn with the standard operations.

• Function spaces:

• RX := {f : X → R} (the space of all real-valued functions on a set X ) with
operations

+ : RX × RX → RX , (f + g)(x) := f(x) + g(x)

· : R × RX → RX , (λ · f)(x) := λ · (f(x))

Then (RX ,+, ·) is a real vector space.

• C(X ) := {f : X → R | f is continuous}.

• Cr([a, b]) := {f : [a, b] → R | f is r times continuously differentiable}.
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Subspaces

Definition 6 (Subspace)

Let V be a vector space, U ⊂ V non-empty set.

We call U a subspace of V if it is closed under linear combinations:

∀λ, µ ∈ F ∀u, v ∈ U : λ · u+ µ · v ∈ U.

Examples:

• C(X ) is a subspace of RX .

• The set S of symmetric matrices of size n× n is a subspace of the space of all
n× n-matrices Rn×n.
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Basis and dimension
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Linear combinations

Definition 7 (Linear combination)

Let V be a vector space over a field F , u1, . . . , un ∈ V and λ1, . . . , λn ∈ F . Then∑n
i=1 λiui is called a linear combination.

The set of all linear combinations of u1, . . . , un is called the span (linear hull) of
u1, . . . , un:

span (u1, . . . , un) :=

{
n∑

i=1

λiui | λi ∈ F

}
.

The set U := {u1, . . . , un} is called the generator of span(U).
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Linear independence

Definition 8 (Linear independence)

A set of vectors v1, . . . , vn is called linearly independent if the following holds:

n∑
i=1

λivi = 0 ⇒ λ1 = . . . = λn = 0.
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Linear independence (2)

Examples:

• The vectors
( 1
0
0

)
,
( 2
2
0

)
,
( 4
3
1

)
∈ R3 are linearly independent.

• The functions sin(x) and cos(x) ∈ RR are linearly independent

• Any set of d+ 1 vectors in Rd is linear dependent

• Any set that contains the 0-vector is not linearly independent
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Basis of a vector space

Definition 9 (Basis)

A subset B of a vector space V is called a (Hamel) basis if:

(B1) span(B) = V

(B2) B is linearly independent

Examples

• The canonical basis of R3 is

1
0
0

 ,

0
1
0

 ,

0
0
1


• Another basis of R3 is given by1

0
0

 ,

1
1
0

 ,

1
1
1

 or

0.5
0.8
0.4

 ,

1.8
0.3
0.3

 ,

−2.2
−1.3
3.5


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Basis of a vector space (2)

Does every vector space have a basis? Not obvious!

We proceed in two steps:

• We first consider vector spaces for which we assume that a finite basis exists.

• Later we briefly touch on the general case.
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Finite-dimensional vector spaces

Definition 10 (finite-dimensional vector space)

A vector space is called finite-dimensional if it has a finite basis.

Can you come up with an example of a space that is not finite-dimensional?

(Note that we have not have defined the dimension of a space. So far we can only
define the notion of “finite-dimensional”.)
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Reducing a set to a basis
ML Keywords: dictionary learning

Proposition 11 (Reduction of a set to a basis)

If U = {u1, . . . , un} spans a vector space V , then the set U can be reduced to a basis
of V .
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Proof sketch

• If U is already linearly independent: done.

• If U is linear dependent:
∃λ1, . . . , λn not all 0 such that

∑n
i=1 λiui = 0.

Pick some k with λk ̸= 0. Then:
uk = −

∑
i̸=k

λi

λk
ui.

Denote Ũ := U \ {uk}. It is clear that span(Ũ) = span(U).

If Ũ is not linearly independent, we repeat this process until the remaining set is
linearly independent.

Note that this will eventually be the case, at the latest if the set only consists of
one vector.

,
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Extending a set to a basis

Proposition 12 (Extension of a set to a basis)

Let U = {u1, . . . , un} ⊂ V be a set of linearly independent vectors and let V be a
finite-dimensional vector space. Then U can be extended to a basis of V .

Proof sketch. Let w1, . . . , wm be a basis of V (exists by definition of finite-dim).
Consider the set {u1, . . . , un, w1, . . . , wm}. Remove vectors ”from the end” until the
remaining vectors are linearly independent.

• remaining set spans V

• remaining set is linearly independent by construction

• remaining set contains U .

,
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Two finite bases have the same length

Corollary 13 (Length of basis of same vector space)

Let V be a finite-dimensional vector space. Then any two bases of V have the same
length.

Proof.

• Let B := {b1, . . . , bn} and C := {c1, . . . , cm} be two bases, n ≤ m. Consider the
set {b1, . . . , bn, c1}. By construction it is linear dependent.

• By the same procedure as before, we can find a vector bi such that
{b1, . . . , bi−1, bi+1, . . . , bn, c1} is linearly independent.

• We now apply this procedure iteratively: add vectors from C, remove vectors
from B. Note that in each of the iterations, it is really possible to remove one of
the bi-vectors (because the ci-vectors that we already added are linearly
independent). We keep on iterating until we removed all the vectors bi.
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Two finite bases have the same length (2)

• At the end, this results in a set of n vectors {ci1 , . . . , cin} ⊂ {c1, . . . , cm}. By
construction, this set is a basis (linearly independent, spans V ) and has n
elements. Adding one more vector would turn the set linearly dependent. So we
found a subset {ci1 , . . . , cin} ⊂ C that is already a basis, and any any more
vector will turn it linearly dependent. But because C is a basis as well, it needs to
be the case that {ci1 , . . . , cin} = C, thus n = m.

,
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Dimension of a vector space

Finally we are ready to define:

Definition 14 (Dimension of a vector space)

The length of a basis of a finite-dimensional vector space V is called the dimension of
V .
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Does every vector space have a basis?

What if a VS is not finite-dimensional?

One can prove that every VS has a basis, but this needs the axiom of choice / Zorn’s
lemma, which is deep maths beyond this lecture.

Just for those who are curious about it, the argument goes as follows:

Consider all linearly independent subsets of V , ordered by inclusion. Zorn’s lemma
states that if each ordered chain has an upper bound (a set of independent vecotrs
that contains all subsets in the chain), then there exists a maximal set B. In our case,
the upper bound of a chain can be constructed as the union of all subsets in the
chain. It is still linearly independent, as linear independence is only defined for finite
linear combinations. This set also spans V because otherwise we could extend it
further, so it would not have been maximal. So B is a basis.SK

IP
PE
D
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Sum of vector spaces

Definition 15 (Sum of vector spaces)

Let U1, U2 be subspaces of V . The sum of the two spaces is defined as

U1 + U2 := {u1 + u2 | u1 ∈ U1, u2 ∈ U2}.

The sum is called a direct sum, if each element in the sum can be written in exactly
one way. In this case we denote the sum by U1 ⊕ U2.
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Complement of a subspace

Proposition 16 (Complement of a subspace)

Suppose V is finite-dimensional, and U ⊊ V is a subspace, U ̸= {0}. Then there
exists a subspace W ⊊ V such that U ⊕W = V .

Proof sketch. Let the set {u1, . . . , uk} be a basis of U . Extend it to a basis of V ,
say the resulting set is

{u1, . . . , uk,︸ ︷︷ ︸
U

v1, . . . , vm︸ ︷︷ ︸
W

}.

Define
W = span{v1, . . . , vm}.

Does the job (one needs to prove it). ,
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Linear Mappings
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Linear mapping

Definition 17 (Linear mapping)

Let U, V be a VS over F . A mapping f : U → V is called linear if
∀u1, u2 ∈ U, ∀λ ∈ F :

f(u1 + u2) = f(u1) + f(u2)

f(λu1) = λf(u1)

The set of all linear mappings from U to V is denoted by L(U, V ). If U = V , then we
write L(U).
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Linear mapping (2)

Examples:

• T : C[a, b] → R, f 7→
∫ b

a
f(x) dx (Integration)

• D : C∞[a, b] → C∞[a, b], f 7→ f ′ (Differentiation)
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Linear mapping (3)

Definition 18 (Kernel and range)

T ∈ L(U, V ). Then kernel or null space of T is defined as

ker(T ) := null(T ) := {u ∈ U | T (u) = 0} ⊂ U

The range or image of T is defined as

range(T ) := Im(T ) := {Tu | u ∈ U} ⊂ V
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Properties of kernel and range

Proposition 19 (Properties of kernel and range)

• ker(T ) and range(T ) are subspaces.

• T is injective ⇔ ker(T ) = {0}.
• T is surjective ⇔ range(T ) = V .

Proof sketch. Exercise. ,
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Pre-image

Definition 20 (Pre-image)

T ∈ L(U, V ), V ′ ⊂ V , V ′ any set. The pre-image of V ′ is defined as

T−1(V ′) := {u ∈ U | T (u) ∈ V ′}.
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Pre-image (2)

Proposition 21 (Pre-image subspace)

If V ′ ⊂ V is a subspace of V , then T−1(V ′) is a subspace of U .

Proof sketch. Exercise. ,
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Fundamental theorem for linear mappings

Theorem 22 (Fundamental theorem for linear mappings)

Let V be finite-dimensional, W any VS, T ∈ L(V,W ).
Let u1, . . . , un be a basis of ker(T ) ⊂ V .
Let w1, . . . , wm be a basis of range(T ) ⊂ W .

Let z1 ∈ T−1(w1), . . . , zm ∈ T−1(wm) .

Then u1, . . . , un, z1, . . . , zm ⊂ V form a basis of V .

In particular,
dim(V ) = dim(ker(T )) + dim(range(T )).
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Fundamental theorem for linear mappings (2)



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

4
9

Proof of the fundamental theorem for linear mappings

Step 1: V ⊂ span{u1, . . . , un, z1, . . . , zm}
Let v ∈ V , consider Tv ∈ range(T ). By definition of the wi, there exist λ1, . . . , λm

such that

Tv = λ1w1 + . . .+ λmwm

= λ1T (z1) + . . .+ λmT (zm)

= T (λ1z1 + . . .+ λmzm)

⇒ Tv − T (λ1z1 + . . .+ λmzm) = 0

= T (v − (λ1z1 + . . .+ λmzm)︸ ︷︷ ︸
∈ker(T )

)

⇒ ∃µ1, . . . , µn s.t. v − (λ1z1 + . . .+ λmzm) = µ1u1 + . . .+ µnun

⇒ v = λ1z1 + . . .+ λmzm + µ1u1 + . . .+ µnun
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Proof of the fundamental theorem for linear mappings (2)
Step 2: u1, . . . , un, z1, . . . , zm are linearly independent

Assume that µ1u1 + . . .+ µnun + λ1z1 + . . .+ λmzm = 0. (*)

λ1w1 + . . .+ λmwm =λ1T (z1) + . . .+ λmT (zm)

=λ1T (z1) + . . .+ λmT (zm) + µ1T (u1) + . . . µnT (un)︸ ︷︷ ︸
=0

=T (λ1z1 + . . .+ λmzm + µ1u1 + . . .+ µnun)︸ ︷︷ ︸
= 0 by (*)

= 0

⇒ λ1w1 + . . .+ λmwm = 0 ⇒
w1,...,wm

basis

λ1 = . . . = λm = 0

⇒ µ1u1 + . . .+ µnun = 0 by (*)

⇒ µ1 = . . . = µn = 0 because u1, . . . , un basis.

we add something
that is 0
(because in kernel)

exploit linearity

2
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Finite-dim: Injective ⇔ Surjective ⇔ Bijective

Proposition 23 (Equivalent properties of finite-dim. linear mapping)

T ∈ L(V, V ), V finite-dimensional. Then the following three statements are
equivalent:

(i) T is injective.

(ii) T is surjective.

(iii) T is bijective.

Proof sketch. Direct consequence of fundamental theorem. (Can you see why?

Exercise!) , ! Does not work in ∞-dim spaces!



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

5
2

Matrices and linear maps
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Recap matrix notation

• Matrix A ∈ Rm×n with entries aij:

A :=

a11 · · · a1n
...

. . .
...

am1 · · · amn


︸ ︷︷ ︸

n columns

 m rows

• For matrix A ∈ Rn×n, vector x ∈ Rn, the matrix-vector multiplication Ax ∈ Rn is
defined component-wise by (Ax)i =

∑n
j=1 aijxj.

• For two matrices A ∈ Rn×m and B ∈ Rm×k the product AB ∈ Rn×k is defined
component-wise by (AB)ij =

∑m
s=1 aisbsj.

But how exactly are these related to linear mappings?



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

5
4

Matrices represent linear maps

Consider V,W finite-dimensional, v1, . . . , vn be a basis of V , and w1, . . . , wm be a
basis of W , and T ∈ L(V,W ). We now want to derive a concise notation for this
linear map, a matrix:

• If we know the results of T applied to the basis vectors vj, then we can express
T (v) for arbitrary v = λ1v1 + . . .+ λnvn ∈ V by

T (v) = T (λ1v1 + . . .+ λnvn) = λ1T (v1) + . . .+ λnT (vn).

• For each basis vector vj, we now express the image T (vj) in basis w1, . . . , wm:
There exist coefficients a1j, . . . , amj s.t.

T (vj) = a1jw1 + . . .+ amjwm .
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Matrices represent linear maps (2)

• We now store these coefficients in a matrix called M(T ):

M(T ) :=

a11 · · · a1j · · · a1n
...

...
...

am1 · · · amj · · · amn


︸ ︷︷ ︸

n cols, one for each basis vector of V


m rows,

one for each

basis vector of W

• This matrix describes the linear mapping T w.r.t. the bases v1, . . . , vn of V and
w1, . . . , wm of W.
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Matrices represent linear maps (3)
• The result of T (v) can now be expressed by a matrix-vector multiplication:

T (v) =
n∑

j=1

λj T (vj)

=
n∑

j=1

λj

m∑
i=1

aij wi

=
m∑
i=1

(
n∑

j=1

aij · λj

)
︸ ︷︷ ︸M(T )·

λ1

.

.

.
λn


i

wi

The red term is the i-th entry of the product of matrix M(T ) with vector λ.
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Matrices represent linear maps (4)

Notation:

Let T : V → W be linear, let B be a basis of V , and C a basis of W . We denote by
M(T,B, C) the matrix corresponding to T w.r.t. bases B and C.

If it is clear which bases we are using, we often drop the bases from the notation and
simply write M(T ).



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

5
8

Properties of matrices

Let V,W be vector spaces, and consider the bases fixed. Let S, T ∈ L(V,W ). Then:

• M(S + T ) = M(S) +M(T )

• M(λS) = λM(S)

• If T : U → V , S : V → W linear, then composition of linear mappings correspond
to matrix multiplication:

M(S ◦ T ) = M(S) · M(T ).
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Notation for particular matrices
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Matrix transpose

Definition 24 (Matrix transpose)

Given a matrix A = (aij) ∈ Fm×n, the transpose matrix is given as

(At)ij = Aji.

Notation: differs, typical are At, A⊺, A⊤, A′, ...

If F = C, then the conjugate transpose matrix is defined as

(A∗)ij = aji.
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Linear mapping corresponding to the matrix transpose

The transpose matrix also has an interpretation as a transpose linear mapping, but it
is beyond of our current knowledge to really understand it (I just put it here for
completeness in case somebody wants to know the keywords):

• To each vector space V we can associate its “dual space” V ∗ that consists of all
linear mappings from V to K.

• Given a linear map T : V → W , the transpose is the linear map T ∗ : W ∗ → V ∗

such that (T ∗f)(v) = f(Tv).

• For real vector spaces, if M(T ) = A, then M(T ∗) = A′.

• For complex vector spaces, if M(T ) = A, then M(T ∗) = A∗.SK
IP
PE
D
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Invertible maps and matrices
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Inverse of a linear map

Definition 25 (Inverse of a linear map)

T ∈ L(V,W ) is called invertible if there exists a linear map S ∈ L(W,V ) such that

S ◦ T = IdV and T ◦ S = IdW .

The map S is called the inverse of T , denoted by T−1.

Remarks:

• Inverse maps are unique

• Not every linear map is invertible
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Characterizing invertability

Proposition 26 (Characterizing invertability)

A linear map is invertible iff it is injective and surjective.

Proof.

“⇒”:

• Invertible ⇒ injective:
Suppose T (u) = T (v). Then

u = T−1(T (u)) = T−1(T (v)) = v

Thus T is injective.
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Characterizing invertability (2)

• Invertible ⇒ surjective:
Consider w ∈ W . Then

w = T (T−1(w)) ⇒ w ∈ range of T.

Thus T is surjective.
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Characterizing invertability (3)

“⇐”:
Injective & surjective ⇒ invertible.

• Let w ∈ W . There exists a unique v ∈ V such that T (v) = w (existence because
T is surjective, uniqueness because T is injective). Define the mapping: S(w) = v.
Then clearly, we have

T ◦ S = Id.

• Let v ∈ V . Then by associativity

T ((S ◦ T )(v)) = (T ◦ S ◦ T )(v) = (T ◦ S)(T (v)) = Id ◦ T (v) = T (v).

Because T is injective, from the blue statement we can conclude:

(S ◦ T )(v) = v

which implies that S ◦ T = Id.
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Characterizing invertability (4)

• Linearity of S:
(1) By linearity of T and because T ◦ S = Id, we get

T (Sw1 + Sw2) = TSw1 + TSw2 = w1 + w2.

From this statement, by injectivity of T , Sw1 + Sw2 is the unique element in V
that T maps to w1 + w2.
(2) The other way round, we know that S maps w1 + w2 to S(w1 + w2).
(3) Using the fact that S is the inverse of T , (1) and (2) imply that Sw1 + Sw2

and S(w1 + w2) need to be the same element, thus

S(w1 + w2) = S(w1) + S(w2).

A similar argument shows that we have S(λw) = λS(w). Thus S is linear.

2
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Inverse matrix

Definition 27 (Inverse matrix)

A square matrix A ∈ F n×n is invertible if there exists a square matrix B ∈ F n×n such
that

A ·B = B · A = Id =

1 · · · 0
...

. . .
...

0 · · · 1

 .

The matrix B is called the inverse matrix, and is denoted by A−1.
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Inverting maps =̂ inverting matrices

Proposition 28 (Inverting maps =̂ inverting matrices)

The inverse matrix represents the inverse of the corresponding map, that is:
T : V → V

M︸︷︷︸
matrix of

(T−1)︸ ︷︷ ︸
inverse map

= (M (T )︸︷︷︸
of the original map

)−1

︸ ︷︷ ︸
inverse Matrix

In particular, a matrix is invertible iff the corresponding map is invertible.

Proof sketch. Exercise. ,
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Properties of inverse matrices

• The inverse matrix does not always exist!!!

• (A−1)−1 = A, (A ·B)−1 = B−1 · A−1.

• At invertible ⇔ A invertible

• (At)−1 = (A−1)t.

• A ∈ F n×n invertible ⇔ rank(A) = n (see later)

• The set of all invertible matrices is called the general linear group:

GL(n, F ) = {A ∈ F n×n | A invertible}.
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Change of basis
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Representing the identity

Consider the identity mapping Id : V → V . Assume we fix a basis of V (both in
source and target space), then the corresponding matrix looks as follows:

M(Id,B,B) =

1 · · · 0
...

. . .
...

0 · · · 1

 .
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Representing the identity (2)

Now consider A = {a1, . . . , an} and B = {b1, . . . , bn}, both bases on V . How does
the matrix M(Id,A,B) of the identity mapping look like?

Because B is a basis, we can write each of the vectors in A as linear combinations:

a1 = t11b1 + t21b2 + . . .+ tn1bn

a2 = . . .

Now we form the corresponding matrix T :

T =

 t11 · · · t1n
...

. . .
...

tn1 · · · tnn

 .
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Representing the identity (3)

Sanity check: this matrix really represents the identity mapping:

• In the basis A, the first basis vector a1 has the representation (1, 0, .., 0)′ because
a1 = 1 · a1 + 0 · a2 + . . .+ 0 · an

• Now observe that T · (1, 0, ..., 0)′ = (t11, t21, ..., tn1)
′.

• This vector gives us Ta1 expressed in basis B because
t11b1 + t21b2 + . . .+ tn1bn = a1 by definition of coefficients tij

• Hence, Ta1 = a1, so T is the identity mapping.



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

7
5

Change of basis is invertible

Proposition 29 (Change of basis is invertible)

Let A,B be two bases of V . Then the matrices M(Id,A,B) and M(Id,B,A) are
invertible and each is the inverse of the other.

Proof sketch. Exercise. ,
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Change of basis for an arbitrary mapping

Proposition 30 (Chance of basis for an arbitrary mapping)

Let A,B be two bases of V . Consider the transformation matrices

A = M(Id,A,B), A−1 = M(Id,B,A).

Let T : V → V be linear, and X := M(T,A,A). Then Y := A ·X · A−1 represents
T in basis B, that is Y = M(T,B,B).
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Change of basis for an arbitrary mapping (2)
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Change of basis for an arbitrary mapping (3)

In machine learning, we often use basis transforms, for example to represent a data
matrix in a more convenient representation using PCA or SVD.
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Rank of a matrix
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Rank of a matrix

Definition 31 (Rank of a matrix)

Let A ∈ Fm×n. The column rank of A is

dim(span(column vectors of A)).

The row rank is defined accordingly.

In machine learning, the rank describes how ”complex” a matrix is. In low-rank
methods, we try to only use matrices of a low rank (for example, to approximate
matrices of high rank). This has advantages both computational and from the
statistics / generalization point of view. Further keywords are recommender systems,
compressed sensing,...



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

8
1

Rank of a matrix (2)

Proposition 32 (Row rank equals column rank)

For a matrix, the row and column rank always coincide. We thus call it the rank of the
matrix.
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Rank of a matrix (3)

Proposition 33

T ∈ L(V,W ). Then the rank of the matrix that represents the map coincides with the
dimension of the range of the linear mapping: rank(M(T )) = dim(range(T )).
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The determinant
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Motivation to study the determinant: geometry!

Consider the standard basis of R3: e1 =

1
0
0

, e2 =

0
1
0

, e3 =

0
0
1

.

Consider a linear mapping that just stretches these vectors: T =

λ1 0 0
0 λ2 0
0 0 λ3

.

Let U be the unit cube and P = T (U) its image under T .

The volume of P is then λ1 · λ2 · λ3.
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Motivation to study the determinant: geometry! (2)

We want to define a quantity (the determinant) that tells us how volumes change
under arbitrary linear mappings.
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Motivation to study the determinant: geometry! (3)

Which properties would such a quantity, let’s call it d, have to satisfy?

• Assume that T =

λ1 · · · 0
...

. . .
...

0 · · · λn

 with respect to standard basis. Then we would

like to get d(T ) = λ1 · ... · λn. (D1)

• If the linear mapping does not have full rank (the image vol(U) is not
“full-dimensional”, but for example the cube in R3 is just mapped to a “plane” in
2 dim), then volume is 0, hence we would like d(T ) = 0. (D2)

• vol(U) = 1, so we would like that d(Id) = 1. (D3)
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Motivation to study the determinant: geometry! (4)

Now let us relate this to the matrix T of the linear mapping. For simplicity, assume we
work in the standard basis. The columns t1, . . . , tn of T are the images of the standard
basis vectors. They describe the edges of the parallelotope obtained by applying T to
the unit cube. With this intuition, let us rephrase the properties D1 - D3:

• (D1) Linearity in each column: If we stretch one edge by a factor λ > 0, the

volume changes by the same factor. Similarly, adding two (non-negative) vectors
in one column adds their signed volumes. More generally, we aim for linearity, the
“volume” needs to allow for negative values, otherwise linearity is not possible;
hence we use a “signed” volume, allowing d to be positive and negative.

• (D2) If two edges are identical, the parallelepiped is flat and has volume zero.

• (D3) The unit cube has volume 1, hence d(Id) = 1.

This is pretty much already the definition of the determinant, which we present now:
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Definition of the determinant

Definition 34 (The determinant)

Consider a mapping det : F n×n → F . Then det is called a determinant if:

(D1) det is linear in each column of the matrix: Let A be a matrix with columns

a1, . . . , an. Consider column ai, assume ai = a′i + a′′i for some a′i, a
′′
i ∈ F n×1.

Then it holds that

det ((a1, . . . , ai, . . . , an)) = det ((a1, . . . , a
′
i, . . . , an)) + det ((a1, . . . , a

′′
i , . . . , an))

det ((a1, . . . , λai, . . . , an)) = λ det ((a1, . . . , ai, . . . , an)) .

(D2) If A has two identical columns, then det(A) = 0.

(D3) det is normalized: det
1 · · · 0
...

. . .
...

0 · · · 1

 = 1
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Existence and uniqueness

Theorem 35 (Existence and uniqueness determinant)

The mapping det exists and is unique.

Proof sketch. Skipped. ,
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Properties of the determinant

Based on (D1), (D2), (D3) we can now prove many important properties of the
determinant:

• The determinant of a linear mapping T : V → V does not depend on the basis.

• det (c · A) = cn det(A) with n the dimension of the vector space.

• det(A ·B) = det(A) · det(B).

• det(AT ) = det(A).

• If A is invertible, then det(A−1) = 1
det(A)

• A invertible ⇔ det(A) ̸= 0.

• In general, det(A+B) ̸= det(A) + det(B).
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Properties of the determinant (2)

• Upper / lower triangular matrices:

A =


λ1 ∗ . . . ∗
0

. . . . . .
...

...
. . . . . . ∗

0 . . . 0 λn

 =⇒ det(A) = λ1 · · ·λn

Geometric intuition in case of 2 dimensions (and inductively for more dimensions):
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Alternative definition of determinant

There exists a more straightforward definition of determinant. However, starting from
this definition, proving the geometric properties is more cumbersome (and we haven’t
defined eigenvalues yet, so read this slide again towards the end of the linear algebra
part):

Definition 36 (Alternative definition of determinant)

• If V is a vector space over C and T : V → V , then det(T ) is the product of all
eigenvalues, repeated according to multiplicity.

• If V is a vector space over R and T : V → V , then det(T ) is the product of its
eigenvalues over C, repeated according to multiplicity.

Proof sketch. We skip the proof that this is the same object as “our” determinant.
But in terms of intuition, I like this definition more than the previous one. ,
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Computing the determinant (in theory)

• For n = 1:
det(a) = a

• For n = 2:

det

(
a11 a12
a21 a22

)
= a11a22 − a12a21

• For n = 3:

det

a b c
d e f
g h i

 = a · det
(
e f
h i

)
− b · det

(
d f
g i

)
+ c · det

(
d e
g h

)

In general, there exists the formula of Laplace that expresses the determinant of an
n× n matrix as a linear combination of determinant of many (n− 1)× (n− 1)
submatrices. We will not need it in this lecture.
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Computing the determinant (in practice)

In practice, determinants are typically computed by first bringing the matrix of interest
in a particular form, such as an LU decomposition, Choleski decomposition, QR
decomposition, etc. Depending on the type of the matrix, one or the other might be
possible / simpler / more appropriate.

Example: Under certain conditions, a matrix admits an “LU-decomposition”, in
particular if the matrix is symmetric and positive definite (see later):

• Try to write matrix A as a product A = L · U where L is a lower triangular matrix
and U upper triangular.

• The we can easily compute the determinant as product of the diagonal entries.

• If the matrix does not directly admit an LU decomposition, we can use a more
general form, LU with pivoting, where we represent PA = LU where P is a
permutation matrix (which has det(P ) = ±1).
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Geometric intuition again

Theorem 37 (Geometric intuition again)

Consider an n× n matrix A with columns (a1 | a2 | . . . | an) = A.
Consider the unit cube U = {c1e1 + . . .+ cnen | 0 ≤ ci ≤ 1} and its image P under
the mapping A:

U 7→ P := {c1a1 + . . .+ cnan | 0 ≤ ci ≤ 1} parallelotope.

Then | det(A)| gives us the volume of P.
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Applications to integrals

Proposition 38 (Change of variable formula)

Let Ω ⊂ Rn be an open subset, σ : Ω → Rn a differentiable mapping, and
f : σ(Ω) → R. Then:∫

σ(Ω)

f(y) dy︸︷︷︸
volume

element

=

∫
Ω

f(σ(x)) |det(σ′(x))| dx︸ ︷︷ ︸
volume element

.

where σ′ denotes the matrix of all partial derivatives (∂xi/∂xj)ij of σ.

Remark: change of variables: y = σ(x)
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Applications to integrals (2)

Intuition:

σ differentiable, that is we can locally (on a small ball B around x) approximate σ by
a linear function expressed by the derivative.

Then local volumes get stretched by the |det(σ′)|.
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Application to normal distribution

p(x) =
1

(2π)d/2 det(Σ)1/2
exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)
Normalization with det(Σ)1/2:

• Consider a random variable Z ∼ N (0, Id) (standard multi-variate Gaussian)

• Apply a linear mapping to the random variable: X = µ+ AZ. Then
X ∼ N (µ,Σ) where Σ = AA′.

• The linear mapping changes the volume by a factor of | det(A)|, which coincides
with

√
detΣ

• To make sure that the density still integrates to 1, we need to recale it by this
factor.
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Eigenvalues, eigenvectors, eigenspaces
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Eigenvalues
ML Keywords: PCA, SVD,
Spectral Clustering, ...

Definition 39 (Eigenvalues)

Let T : V → V . A scalar λ ∈ F is called an eigenvalue if there exists a v ∈ V , v ̸= 0,
such that Tv = λv. A vector v ̸= 0 with this property is called an eigenvector
corresponding to eigenvalue λ. The set of all eigenvectors of λ, together with the zero
vector, is called the eigenspace E(λ, T ).

Observe that the eigenspace can be written as E(λ, T ) = ker(T − λI) because
Tv = λv ⇐⇒ Tv − λv = 0 ⇐⇒ Tv − λIv = 0 ⇐⇒ (T − λI)v = 0
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Geometric intution

• Eigenvalue/eigenvector realizes a “stretching” v 7→ λv.

• Many mappings do not have eigenvectors, for example, a rotation.
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Eigenvectors are not unique

If λ is an eigenvalue, it has many eigenvectors. For example, if v is an eigenvector,
then also a · v (a ∈ K) is an eigenvector:

T (a · v) = a · T (v) = a · λv = λ(a · v)
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Linear (in)dependence of eigenvectors?

• Eigenvectors corresponding to different eigenvalues are linearly independent.
( Easy exercise: assume they are dependent and derive a contradiction)

• Eigenvectors that correspond to the same eigenvalue do not need to be
independent. (Simple example: v eig. ⇒ c · v eig. (for c ̸= 0), but v and c · v are
not linearly independent)

But they can be linearly independent. ( Easy example: A = I, then every vector
v ̸= 0 is an eigenvector of eigenvalue 1.)

• The eigenspace E(λ, T ) is always a linear subspace of V .
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Tool: Polynomials of linear operators

In the following we will repeatedly use the following construction:

Let p(x) =
∑n

i=0 aix
i be a polynomial. For a linear operator T , define

p(T ) :=
n∑

i=0

aiT
i

Example:

p : R → R, p(x) = x7 − 3x5 + 4, then

p(T ) : V → V, p(T )(v) = (T 7 − 3T 5 + 4I)v = T 7v − 3T 5v + 4v
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Tool: Polynomials of linear operators (2)

Now let p, q be two polynomials. Then it is easy to see:

• If the polynomial p is a product of two polynomials, then the same holds true for
the linear operators: (p · q)(T ) = p(T )q(T )

• In particular, if we consider a factorization of a polynomial p(x), then the same
factorization applies to the linear operator p(T ).

p(x) := a0 + a1x+ · · ·+ anx
n = c · (x− λ1)(x− λ2) . . . (x− λm)

=⇒ p(T ) = a0 + a1T + · · ·+ anT
n = c · (T − λ1I)(T − λ2I) . . . (T − λmI)

• The order of factors does not matter: any two polynomials of the same operator
commute: p(T )q(T ) = (pq)(T ) = (qp)(T ) = q(T )p(T )
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Tool: Polynomials of linear operators (3)

Observe that because composition of injective maps in injective, we have:

p(T ) injective and q(T ) injective =⇒ (pq)(T ) injective

Or, the contrapositive statement:

(pq)(T ) not injective =⇒ p(T ) or q(T ) not injective.

We will repeatedly exploit this statement in the following.
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Existence of eigenvalues

Theorem 40 (Existence of eigenvalues)

Every operator T : V → V on a finite-dimensional, complex vector space V has at
least one eigenvalue.
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Existence of eigenvalues (2)

Proof.

Step 1: Getting started
Let n = dimV . Choose a vector v ∈ V , v ̸= 0. Then the set

v, Tv, T 2v, . . . , T nv

has to be linearly dependent (it consists of n+ 1 vectors in an n-dim space). So we
can find coefficients a0, a1, . . . , an, not all zero, such that

p(T ) := a0v + a1Tv + · · ·+ anT
nv = 0.
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Existence of eigenvalues (3)

Step 2: Factorization
Consider the polynomial on C with the same coefficients a0, a1, . . . , an:

p(z) := a0 + a1z + · · ·+ anz
n.

On C, we can factorize it into m linear factors (m could be smaller than n because an
might be zero):

p(z) = c · (z − λ1)(z − λ2) . . . (z − λm)

Hence we can also factorize p(T ):

p(T ) = a0 + a1T + · · ·+ anT
n = c · (T − λ1I)(T − λ2I) . . . (T − λmI)
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Existence of eigenvalues (4)

Step 3: Putting it together

0 = a0v + a1Tv + · · ·+ anT
nv = c · (T − λ1I)(T − λ2I) . . . (T − λmI) · v

⇒ v ∈ ker(c · (T − λ1I)(T − λ2I) . . . (T − λmI))

⇒ There must exist i ∈ {1, . . . ,m} such that (T − λiI) not injective

⇒ λi is an eigenvalue of T !
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Existence of eigenvalues (5)

! The corresponding eigenvector is not necessarily v!

Construction of an eigenvector:
Apply the factors to v, starting from the right hand side of the polynomial:
Consider (T − λmI)v, then (T − λm−1I)(T − λmI)v, etc. The product might be
non-zero for a while, but eventually there has to be a first index j such that
(T − λjI)(T − λj+1I)....(T − λm)v = 0 (because at latest when we have applied all
factors, the result is 0). Then we found the eigenvector:

c · (T − λ1I)(T − λ2I) . . . (T − λjI) (T − λj+1I) . . . (T − λmI) · v︸ ︷︷ ︸
=: the eigenvector

= 0

2
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Characteristic polynomial
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Motivation: an alternative characterization of eigenvalues

Observe the following identities: A is an n× n-matrix

∃v ̸= 0 : Av = λv

⇔ ∃v ̸= 0 : (A− λI)v = 0

⇔ ∃v ̸= 0 : v ∈ ker(A− λI)

⇔ rank(A− λI) < n

⇔ det(A− λI) = 0

We now use this to build a tool to find eigenvalues, the characteristic polynomial.
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Characteristic polynomial

Definition 41 (Characteristic polynomial)

The characteristic polynomial of an n× n-matrix A is defined as

pA : R → R, pA(t) := det(A− t · I)
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Characteristic polynomial (2)

Example:

A =

(
a11 a12
a21 a22

)
det(A− tI) = det

((
a11 a12
a21 a22

)
− t ·

(
1 0
0 1

))
= det

(
a11 − t a12
a21 a22 − t

)
= (a11 − t)(a22 − t)− a12a21 = t2 − t(a11 + a22) + (a11a22 − a12a21)
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Characteristic polynomial (3)

Observations

• The characteristic polynomial does not depend on the basis. To see this, consider
a matrix A and basis transformation matrix U . Then the characteristic polynomial
of UAU−1 is:

det(UAU−1 − t · I) = det(UAU−1 − t · UU−1) = det(U(A− t · I)U−1)

= det(U) · det(A− tI) · det(U−1) = det(A− tI)

• The roots of the characteristic polynomial correspond exactly to the eigenvalues of
A because Av = λv ⇐⇒ det(A− λI) = 0.

• Over C, the characteristic polynomial always has n roots, so the matrix has n
eigenvalues (not necessarily distinct).
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Geometric and algebraic multiplicity

Definition 42 (Geometric and algebraic multiplicity)

For an operator A with eigenvalue λ, we define:

• Geometric multiplicity: the dimension of the corresponding eigenspace E(λ,A).

• Algebraic multiplicity: the multiplicity of the root λ in the characteristic polynomial.

In general, the two notions do not coincide. Example:

The matrix A = ( 1 1
0 1 ) has the characteristic polynomial pA(t) = (1− t)2, thus

eigenvalue 1 has algebraic multiplicity 2. To compute the eigenspace, we solve for
Av = v, leading to eigenspace spanned by the vector (1, 0)′ only, so geometric
multiplicity is 1.
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Compute eigenvalues/vectors by hand

• Write down the characteristic polynomial, find the roots ; eigenvalues

• To compute the eigenvectors, then solve the linear systems that correspond to the
eigenvalues that you found: Ax = λx.

In practice . . . see later (numerics)
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Diagonalization and Triangulization
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Diagonizable matrices

Definition 43 (Diagonizable matrices)

An operator T ∈ L(V ) is diagonalizable if there exists a basis B of V such that the
corresponding matrix is diagonal:

M(T,B,B) =

λ1 · · · 0
...

. . .
...

0 · · · λn

 .

! Not always the case, neither over R nor C. We will later see some special cases
where it always works (real symmetric matrices).
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Diagonizable matrices (2)

Prime example for a matrix that is not diagonalizable over C is the matrix A = ( 1 1
0 1 ) .

• To find the eigenvalues we solve the characteristic polynomial

pA(λ) = det(A− λI) = ... = (1− λ)2

and find that the only solution / eigenvalue is λ = 1, with algebraic multiplicity
2. The eigenvalues are even in R, we don’t even need C to solve this.

• To find the eigenvectors we solve Av = v and find that all vectors of the form
(x, 0)′ are eigenvectors. We thus have a 1-dim eigenspace spanned by vector
(1, 0)′ (the geometric multiplicity is 1). Hence A is not diagonalizable, neither
over R nor over C.
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When is a matrix diagonizable?

Proposition 44 (When is a matrix diagonizable)

Let T be an operator on a finite-dimensional vector space V . Let λ1, . . . , λm denote
the distinct eigenvalues of T . Then the following statements are equivalent:

(a) T is diagonalizable.

(b) V has a basis consisting of eigenvectors of T .

(c) dimV = dim(eigenspace(λ1)) + · · ·+ dim(eigenspace(λm)).

(d) V has n eigenvalues (if counted with multiplicity), and for all of them, the algebraic
and geometric multiplicities are the same.

(We skip the proof.)

Nice in theory. But hard to verify for a given matrix ...
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Triangular matrices

Proposition 45 ( Triangular matrices and invariant subspaces)

Let T ∈ L(V ), B = {v1, v2, . . . , vn} a basis. Then the following are equivalent:

(a) M(T,B) is upper triangular.
(b) ∀j = 1, . . . , n : Tvj ∈ span{v1, . . . , vj}
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Triangular matrices (2)

Proof idea (illustrated on a small example): Consider an upper triangular 3× 3 matrix.

Tv1 =

λ1 a12 a13
0 λ2 a23
0 0 λ3

1
0
0

 =

λ1

0
0

 = λ1 · v1 ∈ span(v1)

Tv2 =

λ1 a12 a13
0 λ2 a23
0 0 λ3

0
1
0

 =

a12
λ2

0

 = a12

1
0
0


︸ ︷︷ ︸

v1

+λ2

0
1
0


︸ ︷︷ ︸

v2

∈ span(v1, v2).

T v3 ∈ span(v1, v2, v3)

(Formal proof follows this argument to prove (a) =⇒ (b); other direction easy.)
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When are triangular matrices invertible?

Proposition 46 (Invertability of triangular matrices)

Let T : V → V have an upper-triangular matrix. Then T is invertible if and only if all
entries λ1, . . . , λn in the diagonal are non-zero.

λ1 · · · ∗
...

. . .
...

0 . . . λn

 .



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

1
2
6

When are triangular matrices invertible? (2)

Proof.

”⇐”:
Let v1, . . . , vn be the basis for which T is upper-triangular. Assume all λi ̸= 0.

• By triangular form, Tv1 = λ1v1
ass.

̸= 0, thus 0 ̸= v1 ∈ range(T ).

• By triangular form, Tv2︸︷︷︸
∈ range T

= a1v1︸︷︷︸
∈ range T

+λ2v2 for some scalar a1.

Thus λ2v2 ∈ range(T ) and because λ2 ̸= 0, then v2 ∈ range(T ). Similarly for
v3, . . . , vn.

In this way, we see that v1, . . . , vn are all non-zero and in range(T ). Hence T is
surjective, thus injective, and hence invertible.
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When are triangular matrices invertible? (3)

”⇒”:
Assume T is invertible.

• Clearly λ1 ̸= 0, otherwise Tv1 = 0, contradicting invertibility.

• Suppose λj = 0. Then T maps span(v1, . . . , vj) into span(v1, . . . , vj−1).

• Thus T is not injective on the subspace spanned by v1, . . . , vj, so there exists v in
this subspace such that Tv = 0.

But then T is not invertible. 2
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Entries of diagonal are eigenvalues

Proposition 47 (Entries of diagonal are eigenvalues)

Suppose T ∈ L(V ), V any finite-dimensional vector space. T has an upper triangular
form. Then the entries on the diagonal are precisely the eigenvalues of T .

Remark: Holds both over R and C.
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Entries of diagonal are eigenvalues (2)
Proof. Fix any λ ∈ F and consider T − λI, which is also upper triangular:

T =


λ1 ∗ · · · ∗
0 λ2 · · · ∗
...

...
. . .

...
0 0 · · · λn

 , T − λI =


λ1 − λ ∗ · · · ∗

0 λ2 − λ · · · ∗
...

...
. . .

...
0 0 · · · λn − λ

 .

λ is an eigenvalue of T ⇐⇒ T − λI is not invertible

⇐⇒ by previous proposition, one of the diagonal entries

(λ− λi) of T − λI is zero

⇐⇒ λ = λi for some i.

2
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Over C each matrix can be triangularized

Proposition 48 (Triangularization over C)

Let V be a complex finite-dimensional vector space, T ∈ L(V ). Then there exists a
basis B such that M(T,B,B) has an upper triangular form.

! Does not hold over R!
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Over C each matrix can be triangularized (2)
Proof by induction on n:
Base case: n = 1, clear.
Inductive hypothesis: statement holds for all dimensions up to n− 1.
Inductive step: from n− 1 to n:

• Already know that one complex eigenvalue exists: λ.

• Consider subspace U := range(T − λI)

• Because T − λI is not surjective we have that dim(U) < n

• The subspace U is invariant under T because for u ∈ U we have

Tu = Tu− λu+ λu = (T − λI)u+ λu

and both terms on the rhs live in U .

• Apply the induction hypothesis to the operator T : U → U : exists basis u1, . . . , um

(in U) such that T |U has upper triangular form.

• Extend u1, . . . , um, say with vectors w1, . . . , wk, to a basis of V .
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Over C each matrix can be triangularized (3)

• Now we need to show the triangular form still holds:

Tw1 = Tw1 − λw1 + λw1 = (T − λI)w1 + λw1 ∈ span(u1, . . . , um, w1).

Tw2 = Tw2 − λw2 + λw2 = (T − λI)w2 + λw2 ∈ span(u1, . . . , um, w2)

... etc ...

So in general we have Twi ∈ span(u1, . . . , um, w1, . . . , wi) and the matrix is
triangular with the following structure:
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Over C each matrix can be triangularized (4)

Thus T is upper triangular w.r.t. basis {u1, . . . , um, w1, . . . , wk}.

,
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Over C each matrix can be triangularized (5)

Side remark:

• the dimension k of the blue part equals

k = dim(V )− dim(range(T − λI)) = dim(ker(T − λI)),

which gives the geometric multiplicity of the eigenvalue λ.

• But the number of times λ appears on the diagonal could be larger that k,
because some of the µi could also equal λ. The number of times λ appears on
the diagonal is the algebraic multiplicity of the eigenvalue and is always larger or
equal to the geometric one.

• If the algebraic multiplicity is larger than the geometric one, we cannot
diagonalize the matrix: an eigenvalue appears more often on the diagonal than
we have dimensions of the eigenspace. This cannot be fixed by moving into C.



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

1
3
5

Normed spaces

ML Keywords: loss functions, regularizers,
sparsity
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Metric space
ML Keywords: inductive bias,
k-nearest neigbor

Definition 49 (Metric space)

Let X be a set. A function d : X ×X → R is called a metric if the following
conditions hold for all u, v, w ∈ X:

(1) d(x, y) > 0 if x ̸= y and d(x, x) = 0,

(2) d(x, y) = d(y, x) (symmetry),

(3) d(u, v) + d(v, w) ≥ d(u,w) (triangle inequality).

d(u, v) d(v, w)

d(u,w)u

v

w
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Norm on a vector space

Definition 50 (Norm on a vector space)

Let V be a vector space. A norm on V is a function ∥ · ∥ : V → R such that for all
x, y ∈ V , λ ∈ F:

(N1) ∥λx∥ = |λ| · ∥x∥ (homogeneous)

(N2) ∥x+ y∥ ≤ ∥x∥+ ∥y∥ (triangle inequality)

(N3) ∥x∥ = 0 ⇐= x = 0 (definiteness)

(N4) ∥x∥ = 0 =⇒ x = 0 (definiteness)

∥ · ∥ is a semi-norm if conditions (N1) – (N3) are satisfied.
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Euclidean norm on Rd

Definition 51 (Euclidean norm on Rd)

The Euclidean norm on Rd is defined as:

∥x∥ =

(
d∑

i=1

x2
i

)1/2

.

Intuition: The norm ∥x∥ represents the ”length of x” or the ”distance between x and
the origin”.
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Euclidean norm on Rd (2)

Easy to see: Every norm induces a metric through

d(x, y) := ∥x− y∥.

However, not every metric arises from a norm (try to find a counterexample).
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p-Norms on Rd

Definition 52 (p-Norms on Rd)

Let x =

x1
...
xd

 ∈ Rd. Define the p-norm as:

∥x∥p :=

(
d∑

i=1

|xi|p
)1/p

, for 0 < p < ∞.

• The case p = 2 coincides with the Euclidean norm.

• ∥x∥∞ := max |xi| is also a norm.

• ∥x∥0 := number of non-zero coordinates of x is not a proper norm (see later).
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Unit ball of a norm

Definition 53 (Unit ball of a norm)

The unit ball of a norm is the set of points such that the norm is ≤ 1:

Bp := {x ∈ Rd | ∥x∥p ≤ 1}.

The unit sphere is the set of points such that the norm equals 1:

Sp := {x ∈ Rd | ∥x∥p = 1}.
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Illustration: Unit balls on R2

Case p ≥ 1 (convex balls):
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Illustration: Unit balls on R2 (2)

Case p < 1 (balls not convex):
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When is a ”p-norm” a norm?

Proposition 54 (When is a ”p-norm” a norm?)

The p-norm ∥ · ∥p is a norm on Rd if and only if p ≥ 1.

Proof sketch:

• Definiteness (N3) and (N4) hold for any p > 0.

• Homogeneity holds for any p > 0.

• Triangle inequality: This is the critical point. It only holds for p ≥ 1. This is due
to the famous Minkowski inequality, which holds iff p ≥ 1:(

n∑
i=1

|xi + yi|p
)1/p

≤

(
n∑

i=1

|xi|p
)1/p

+

(
n∑

i=1

|yi|p
)1/p

2
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All norms on Rn are equivalent (SKIPPED)
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Equivalent norms

Definition 55 (Equivalent norms)

Let V be a vector space and ∥ · ∥a and ∥ · ∥b two norms on V . These two norms are
called (topologically) equivalent if there exist constants α, β > 0 such that:

∀x ∈ V : α∥x∥a ≤ ∥x∥b ≤ β∥x∥a.
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Equivalent norms (2)

Theorem 56 (Norm equivalence on Rn)

All norms on Rn are (topologically) equivalent.
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Equivalent norms (3)
Proof.

W.l.o.g., we prove that if ∥ · ∥ is any norm on Rd, then it is equivalent to ∥ · ∥∞.

First inequality: ∃c1 > 0 : ∀x ∥x∥ ≤ c1∥x∥∞
Let x =

∑
i xiei be the representation of x in the standard basis of Rd. Then:

∥x∥ =

∥∥∥∥∥∑
i

xiei

∥∥∥∥∥ ≤
∑
i

∥xiei∥ =
∑
i

|xi|∥ei∥.

Since |xi| ≤ ∥x∥∞, it follows:

∥x∥ ≤
∑
i

∥x∥∞∥ei∥ = ∥x∥∞
∑
i

∥ei∥ = ∥x∥∞ · c1,

where c1 :=
∑

i ∥ei∥.
SK
IP
PE
D
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Equivalent norms (4)

Second inequality: ∃c2 > 0 : ∀x ∥x∥∞ ≤ c2∥x∥
Let S := {x ∈ Rd | ∥x∥∞ = 1} be the unit sphere with respect to ∥ · ∥∞. Consider the
function:

f : S → R, x 7→ ∥x∥.

• The mapping f is continuous with respect to ∥ · ∥∞, since:

|f(x)− f(y)| = |∥x∥ − ∥y∥| ≤ ∥x− y∥ ≤ c1∥x− y∥∞.

• The set S is closed and bounded. Thus, by the theorem of Heine-Borel, S is
compact. Any continuous mapping on a compact set attains its minimum and
maximum. Define:

c̃2 := min{f(x) | x ∈ S}.

• Because 0 /∈ S (sphere, not ball), we can conclude from definiteness that c̃2 ̸= 0.SK
IP
PE
D
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Equivalent norms (5)

• Now compute: let x ∈ Rd, x ̸= 0, be arbitrary. Then x
∥x∥∞ ∈ S, so by definition of

c̃2 and homogeneity of ∥ · ∥:

c̃2 ≤
∥∥∥∥ x

∥x∥∞

∥∥∥∥ =
∥x∥
∥x∥∞

.

Thus:

∥x∥∞ ≤ 1

c̃2
∥x∥ with c2 :=

1

c̃2
,

and for x = 0 the inequality holds trivially.

2SK
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Norms can be characterized by convex sets (SKIPPED)
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Convex set

Definition 57 (Convex set)

Consider a real vector space V , S ⊂ V .

S is called convex if ∀t ∈ [0, 1] and ∀x, y ∈ S,

tx+ (1− t)y ∈ S
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Symmetric set

Definition 58 (Symmetric set)

A set C ⊂ V is called symmetric if

x ∈ C ⇒ −x ∈ C

x

−x SK
IP
PE
D
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Convex sets induce norms

Theorem 59 (Convex sets induce norms)

(1) Let C ⊂ Rd be closed, convex, symmetric and have non-empty interior. Define

p(x) : = inf
{
t > 0

∣∣∣ x
t
∈ C

}
= inf {t > 0 | x ∈ t · C}

Then p is a semi-norm. If C is bounded, then p is a norm, and its unit ball coincides
with C:

C =
{
x ∈ Rd

∣∣ p(x) ≤ 1
}

(2) For any norm ∥ ·∥ on Rd, the set C :=
{
x ∈ Rd

∣∣ ∥x∥ ≤ 1
}
is bounded, symmetric,

closed, convex, and has non-empty interior.SK
IP
PE
D
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Convex sets induce norms (2)

Illustration:

• Consider factor a by which I need to multiply x to end up on the unit sphere.
Then define ∥x∥ := 1/a.

• Convex set = unit ball of norm 1

u

x
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IP
PE
D
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Convex sets induce norms (3)
Proof.

Claim: p(x) is well defined
Want to prove: given x ∈ Rd, the set{

t > 0
∣∣∣ x
t
∈ C

}
̸= ∅

We are going to prove: ∃ε > 0 such that

Bε(0) :=
{
e ∈ Rd

∣∣ ∥e∥2 < ε
}
⊂ C

Intuition:

SK
IP
PE
D
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Convex sets induce norms (4)
• By assumption, C has at least one interior point v ∈ C◦ ⇒ ∃ε > 0 such that

Bε(v) ⊂ C

• That is, v +Bε(0) = {v + e | e ∈ Bε(0)} ⊂ C

• By symmetry, applied to v itself: v ∈ C ⇒ −v ∈ C

• By convexity, for every e ∈ Bε(0) the midpoint of v+ e ∈ C and −v ∈ C lies in C:

1

2
(v + e) +

1

2
(−v) =

e

2
∈ C

So Bε/2(0) ⊂ C (which proves the claim above, with ε/2 in place of ε), so the set{
t > 0 | x

t
∈ C

}
is non-empty.

The infimum
inf
{
t > 0

∣∣∣ x
t
∈ C

}
exists because the set is a subset of R and bounded from below by 0.
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Convex sets induce norms (5)

Now we need to prove all axioms of a norm:

p(0) = 0

• We have seen: 0 ∈ C

• ∀t > 0 : 0
t
= 0 ∈ C

• inf
{
t
∣∣ 0
t
∈ C

}
= 0 ⇒ p(0) = 0

SK
IP
PE
D
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Convex sets induce norms (6)

p(αx) = |α| · p(x)
• For all α > 0 we have:

p(αx) = inf
{
t > 0

∣∣∣ αx
t

∈ C
}

= inf
{
αs > 0

∣∣∣ x
s
∈ C

}
= α inf

{
r > 0

∣∣∣ x
r
∈ C

}
= α · p(x)

• By symmetry: p(−x) = p(x), so the result also holds for α < 0

→ Combining these two statements gives homogeneity.SK
IP
PE
D
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Convex sets induce norms (7)

△-inequality Consider x, y ∈ Rd, s, t > 0 such that x
s
∈ C, y

t
∈ C

Observe:
s

s+ t
+

t

s+ t
= 1

Thus, by convexity:
s

s+ t
· x
s
+

t

s+ t
· y
t
=

x+ y

s+ t
∈ C

p(x+ y) = inf

{
u > 0

∣∣∣∣ x+ y

u
∈ C

}
≤ inf

{
s > 0

∣∣∣ x
s
∈ C

}
+ inf

{
t > 0

∣∣∣ y
t
∈ C

}
= p(x) + p(y)SK

IP
PE
D
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Convex sets induce norms (8)
We choose s, t > 0 such that

x

s
∈ C,

y

t
∈ C

Then, since s
s+t

+ t
s+t

= 1, by convexity:

s

s+ t
· x
s
+

t

s+ t
· y
t
=

x+ y

s+ t
∈ C ⇒ p(x+ y) ≤ s+ t

Now consider sequences (si)i∈N, (ti)i∈N with

x

si
∈ C, si → p(x),

y

ti
∈ C, ti → p(y)

Then by the above argument:

p(x+ y) ≤ si + ti ⇒ p(x+ y) ≤ p(x) + p(y)SK
IP
PE
D
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Convex sets induce norms (9)

Positive definiteness: p(x) = 0 ⇒ x = 0

p(x) = 0 ⇔ inf
{
t > 0

∣∣∣ x
t
∈ C

}
= 0

Then ∃(tk)k∈N such that tk → 0 and x
tk

∈ C ∀k

Assume x ̸= 0, then
(

x
tk

)
k∈N

is unbounded.

� Contradiction, since C is bounded.
2SK

IP
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Scalar product
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Scalar product

Definition 60 (Scalar product)

Consider a vector space V . A mapping ⟨·, ·⟩ : V × V → R is called a scalar product if:

• Linearity:

(S1) ⟨x1 + x2, y⟩ = ⟨x1, y⟩+ ⟨x2, y⟩,
(S2) ⟨λx, y⟩ = λ⟨x, y⟩.

• Symmetry:

(S3) ⟨x, y⟩ = ⟨y, x⟩ (if over R),
⟨x, y⟩ = ⟨y, x⟩ (if over C →, need complex conjugate).

• Positive definiteness:

(S4) ⟨x, x⟩ ≥ 0,
(S5) ⟨x, x⟩ = 0 ⇐⇒ x = 0.
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Examples

• Euclidean scalar product on Rn: For x = (x1, ..., xn)
′, y = (y1, ..., yn)

′, define

⟨x, y⟩ =
n∑

i=1

xiyi.

• On Cn:

⟨x, y⟩ =
n∑

i=1

xiyi.

• C([a, b]):

⟨f, g⟩ =
∫ b

a

f(t)g(t) dt,

is a scalar product.
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Scalar product and angles
ML Keywords: cosine similarity

Proposition 61 (Scalar product and angles)

Consider the standard scalar product on Rn. Then:

⟨v, w⟩ = ∥v∥∥w∥ cos(α),

where α is the angle enclosed by v and w.
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Scalar product and angles (2)

Proof sketch.

w

v

v − w

α

• In a general triangle, we have:

∥v − w∥2 = ∥v∥2 + ∥w∥2 − 2∥v∥∥w∥ cos(α).

• Using the scalar product, ∥v − w∥2 = ⟨v − w, v − w⟩ = ∥v∥2 + ∥w∥2 − 2⟨v, w⟩.
Thus:

⟨v, w⟩ = ∥v∥∥w∥ cos(α).

,
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Banach and Hilbert spaces
ML Keywords:
Reproducing Kernel Hilbert Space

Definition 62 (Banach and Hilbert spaces)

• A vector space with a norm is called a normed space.

• If a normed space is complete (every Cauchy sequence converges), then it is called
a Banach space.

• A vector space with a scalar product is called a pre-Hilbert space.

• If it is additionally complete, then it is called a Hilbert space.
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Scalar product implies norm

• Consider a vector space with a scalar product ⟨·, ·⟩. Define ∥ · ∥ : V → R:

∥x∥ :=
√

⟨x, x⟩.

Then ∥ · ∥ is a norm, we say it is the norm induced by ⟨·, ·⟩.
• The other way around does not work in general: not every norm can be expressed
by a scalar product

Can you find a counterexample?
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Norm implies metric

• Consider a vector space with norm ∥ · ∥. Define d : V × V → R:

d(x, y) := ∥x− y∥.

Then d is a metric induced by the norm.

• The other way around does not work in general! (not every metric comes from a
norm)

Can you find a counterexample?
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Important inequalities

Consider u, v ∈ Rd, and denote by ∥ · ∥p the p-norm.

• Cauchy-Schwarz inequality:

|⟨u, v⟩| ≤ ∥u∥2 · ∥v∥2.

• Hölder inequality: Let p, q ≥ 1 with 1
p
+ 1

q
= 1. Then:

|⟨u, v⟩| ≤
d∑

i=1

|ui · vi| ≤ ∥u∥p · ∥v∥q.
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Orthonormal basis and orthogonal projections
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Orthogonal vectors and sets

Definition 63 (Orthogonal vectors and sets)

Consider a pre-Hilbert space V .

• Two vectors v1, v2 ∈ V are called orthogonal if ⟨v1, v2⟩ = 0.
Notation: v1⊥v2.

• Two sets V1, V2 ⊆ V are called orthogonal if:

∀v1 ∈ V1, ∀v2 ∈ V2 : ⟨v1, v2⟩ = 0.

• For a set S ⊆ V , we define its orthogonal complement S⊥ as:

S⊥ := {v ∈ V | v ⊥ s for all s ∈ S}.
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Orthonormal vectors and sets

Definition 64 (Orthonormal vectors and sets)

• Two vectors v1, v2 are called orthonormal if they are orthogonal and additionally
have norm 1:

⟨v1, v2⟩ = 0, ∥v1∥ = 1, ∥v2∥ = 1.

• A set of vectors v1, v2, . . . , vn is called orthonormal if any two vectors are orthonor-
mal.
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Orthogonal/orthonormal basis

We are particularly interested in orthogonal/orthonormal bases of a space.

Proposition 65

In an orthonormal basis u1, . . . , un, the representation of a vector v =
∑

aiui is given
as

v =
n∑

i=1

⟨v, ui⟩ui

Proof sketch. Exercise. ,

! We still do not know whether an orthonormal basis always exists.
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Projection (general case)

Definition 66 (Projection general case)

An operator A ∈ L(V ) is called a projection if A2 = A.
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Orthogonal Projection

Definition 67 (Orthogonal Projection)

Let U be a finite-dimensional subspace of a pre-Hilbert space H. Then there exists a
linear projection

PU : H → U

with ker(PU) = U⊥. PU is called the orthogonal projection of H on U .
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Orthogonal Projection (2)

Proof idea: Let u1, . . . , uk be an orthogonal basis of U (note that we still have to
establish that this always exists, we do it on the next slides). Define PU : V → U by

PU(w) =
k∑

i=1

⟨w, ui⟩
∥ui∥2

ui.

• It is clear that PU is linear.

• It is easy to see that PU(u) = u for all u ∈ U .

• For w ∈ U⊥ it is easy to see that PU(w) = 0.
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Orthogonal Projection (3)
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How to make a given basis orthogonal?

Proposition 68 (Orthonormal basis)

Let v1, . . . , vn be any basis of a finite-dimensional pre-Hilbert space. Then we can
transform it into an orthonormal basis u1, . . . , un.

Proof.
We construct the Gram-Schmidt orthogonalization: A procedure that takes any
basis v1, . . . , vn and transforms it into an orthonormal basis u1, . . . , un.
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How to make a given basis orthogonal? (2)

Intuition: Iterative procedure. Successively remove the components in the directions
of the previously constructed orthonormal vectors.

• Step 1: Start with

u1 :=
v1

∥v1∥
, U1 := span{u1}.

• Step k: Assume that we have constructed orthonormal vectors u1, . . . , uk−1.
Remove from vk its components in the directions u1, . . . , uk−1:

ũk := vk −
k−1∑
i=1

⟨vk, ui⟩ui.

Renormalize:

uk =
ũk

∥ũk∥
.
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How to make a given basis orthogonal? (3)

Then this constructs an orthogonal basis:

• The new vector is orthogonal to the old ones: For every j < k,

⟨ũk, uj⟩ =

〈
vk −

k−1∑
i=1

⟨vk, ui⟩ui, uj

〉
= ⟨vk, uj⟩ − ⟨vk, uj⟩ = 0.

• The new vector is non-zero: If ũk = 0, then we would have

vk =
k−1∑
i=1

⟨vk, ui⟩ui ∈ span{v1, . . . , vk−1},

contradicting the linear independence of v1, . . . , vn.
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How to make a given basis orthogonal? (4)

Thus the procedure constructs an orthonormal basis.

In practice, it quickly results in numerical errors. For better numerical stability, see the
QR factorization later.

2
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Orthogonal matrices
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Orthogonal matrices

Definition 69 (Orthogonal matrices)

Let Q ∈ Rn×n be a matrix with orthonormal column vectors (with respect to the
Euclidean scalar product). Then Q is called an orthogonal (!) matrix.

If Q ∈ Cn×n and the columns are orthonormal (with respect to the standard scalar
product on Cn), then it is called a unitary matrix.
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Orthogonal matrices, examples

• Identity: (
1 0
0 1

)
• Reflection: (

1 0
0 −1

)
• Permutation of coordinates: (

0 1
1 0

)
• Rotation in R2: (

cos θ − sin θ
sin θ cos θ

)
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Orthogonal matrices, examples (2)

• Rotation in R3 (rotation about one of the axes):

Rθ,x =

1 0 0
0 cos θ − sin θ
0 sin θ cos θ


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Properties of orthogonal matrices

Let Q be orthogonal. Then:

• Q is always invertible, and Q−1 = QT .

• Columns are orthogonal ⇐⇒ rows are orthogonal.

• Q realizes an isometry:
∀v ∈ V, ∥Qv∥ = ∥v∥.

• Q preserves angles:
⟨Qv,Qu⟩ = ⟨v, u⟩ ∀u, v ∈ V.

• | detQ| = 1.

The same properties hold for unitary matrices U , with U−1 = Ū t.

Proofs: Exercise.
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! Orthogonal rows and columns
Consider the matrix

A =

(
1 2
1 −2

)
.

• Has full rank

• The columns are orthogonal, its rows are not orthogonal!

• The issue is that the norms of the rows / cols are not 1, and then we cannot
conclude from orthogonal rows to orthogonal columns or vice versa. We can only
make a conclusion if the norm of all rows / cols is 1 (as it is the case in an
orthogonal matrix):

The statement ”columns orthogonal ⇐⇒ rows orthogonal” does not hold for
arbitrary matrices.

The statement ”columns orthonormal ⇐⇒ rows orthonormal” holds for all square
matrices.
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Representation of isometric mappings
Let S ∈ L(V ) for a real vector space V . Then equivalently:

(a) S is an isometry: ∥Sv∥ = ∥v∥ ∀v ∈ V

(b) There exists an orthonormal basis of V such that the matrix of S has the following
form:

M =

2 0
. . .

0 2


where each of the little blocks

• either is a 1× 1 matrix (λ a real number) being 1 or −1
• or is a 2× 2 rotation matrix: (

cos θ − sin θ
sin θ cos θ

)SK
IP
PE
D
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Symmetric matrices

ML Keywords: Covariance matrices,
kernel matrices, similarity matrices, ...)
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Symmetric matrices

Definition 70 (Symmetric matrices)

• A matrix A ∈ Rn×n is called symmetric if:

A = A⊤.

• A matrix A ∈ Cn×n is called Hermitian if:

A = A
⊤
.
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Hermitian matrices have real-valued eigenvalues and

orthogonal eigenvectors

Proposition 71

Let A ∈ Cn×n be Hermitian. Then all eigenvalues of A are real-valued. Eigenvectors
that correspond to different eigenvalues are orthogonal.
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Hermitian matrices have real-valued eigenvalues and

orthogonal eigenvectors (2)
Proof.
• λ eigenvalue of A with eigenvector x. Then:

λ⟨x, x⟩ = ⟨λx, x⟩ = ⟨Ax, x⟩ = ⟨x,Ax⟩ = ⟨x, λx⟩ = λ⟨x, x⟩

=⇒ λ = λ ∈ R.

• Let (λ1, x1), (λ2, x2) be eigenpairs of A, λ1 ̸= λ2. Then:

λ1⟨x1, x2⟩ = ⟨Ax1, x2⟩ = ⟨x1, Ax2⟩ = λ2⟨x1, x2⟩

=⇒ 0 = λ1⟨x1, x2⟩ − λ2⟨x1, x2⟩ = (λ1 − λ2)⟨x1, x2⟩.
=⇒ either λ1 = λ2 or if λ1 ̸= λ2, then ⟨x1, x2⟩ = 0.

=⇒ x1 ⊥ x2.

2
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What can we conclude from here?

• Each matrix A ∈ Cn×n has n eigenvalues in C.

• For Hermitian matrices A ∈ Cn×n, all n eigenvalues now live in R. The
eigenvectors still might live in Cn (and not in Rn).

• Symmetric matrices A ∈ Rn×n are a special case of Hermitian (because
A = AT = AT ), so it also has real-valued eigenvalues. Moreover, the eigenvectors
can always be chosen in Rn.
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Self-adjoint operators

Definition 72 (Self-adjoint operators)

An operator T ∈ L(V ) on a pre-Hilbert space V is called self-adjoint if:

⟨Tv, w⟩ = ⟨v, Tw⟩.

Sometimes it is called a Hermitian operator (on Cn) or symmetric operator (on Rn).

Remark: Over Cn, self-adjoint operators are represented by Hermitian matrices. Over
Rn, self-adjoint operators are represented by symmetric matrices.
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Self-adjoint operator has real-valued eigenvalue and

eigenvector

Proposition 73 (Self-adjoint operator has real-valued eigenvalue and
eigenvector)

Let V be a finite-dimensional vector space over C or R, T ∈ L(V ), T ̸= 0,
self-adjoint. Then T has at least one eigenvalue and it is real-valued.
In particular, in the case of R, the eigenvector also lies in Rn.

!

• Already known: Over C, every matrix has an eigenvalue. But it could be a
complex number.

• Now: if T is self-adjoint, it has a real eigenvalue.
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Self-adjoint operator has real-valued eigenvalue and

eigenvector (2)

Proof.
Consider the case F = R.
Let n := dimV . Choose 0 ̸= v ∈ Rn, and consider:

v, Tv, T 2v, . . . , T nv∈ Rn.

These vectors have to be linearly dependent (n+ 1 vectors, dimension n).
Thus, there exist a0, . . . , an ∈ R (not all 0) such that:

a0v + a1Tv + · · ·+ anT
nv = 0.
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Self-adjoint operator has real-valued eigenvalue and

eigenvector (3)

Consider the polynomial with these coefficients and decompose it over R into linear
and quadratic factors:

a0+a1x+a2x
2+ · · ·+anx

n = c(x2+b1x+c1) . . . (x
2+bMx+cM)(x−d1) . . . (x−dm),

where c ̸= 0, bi, ci, di ∈ R, and M +m ≥ 1

Quadratic terms x2 + bix+ ci cannot be decomposed into linear terms; in particular,
they satisfy:

b2i < 4ci (otherwise, one could factorize them by the quadratic formula)
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Self-adjoint operator has real-valued eigenvalue and

eigenvector (4)
Replace x by T :

0 = (a0I + a1T + · · ·+ anT
n)v =

(
c (. . . )︸ ︷︷ ︸

quadr.

(. . . )︸ ︷︷ ︸
linear

)
v.

Now we can prove: ”Quadratic Operators” are invertible (See ⋆ below):
Thus, we multiply the equation with their inverses and obtain:

0 = (T − λ1I) . . . (T − λmI)v.

Because we had chosen v ̸= 0, at least one of the terms (T − λiI) has to exist
(m ≥ 1). Then also, the product (T − λ1I) . . . (T − λmI) is not injective, hence at
least one of the factors is not injective. Thus, λi is an eigenvalue over R. In particular,
the eigenvector lives in Rn as well. 2
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Self-adjoint operator has real-valued eigenvalue and

eigenvector (5)

(⋆) Invertibility of Quadratic Operators:
Proposition: Suppose T self-adjoint and b, c ∈ R satisfy b2 < 4c. Then T 2 + bT + cI
is invertible

Intuition:

x2 + bx+ c =

(
x+

b

2

)2

+

(
c− b2

4

)
> 0, since

(
c− b2

4

)
> 0 by assumption.

So x2 + bx+ c is over invertible real numbers.
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Self-adjoint operator has real-valued eigenvalue and

eigenvector (6)

Now do it: Consider any v ̸= 0.

⟨(T 2 + bT + cI)v, v⟩ = ⟨T 2v, v⟩+ b⟨Tv, v⟩+ c⟨v, v⟩
= ⟨Tv, Tv⟩+ b⟨Tv, v⟩+ c∥v∥2

≥ ∥Tv∥2 − |b|∥Tv∥∥v∥+ c∥v∥2 (Cauchy-Schwarz)

= ∥Tv∥ − |b|
2
∥v∥)2 +

(
c− b2

4

)
∥v∥2 > 0.

=⇒ (T 2 + bT + cI)v ̸= 0 ∀v ̸= 0,

=⇒ T 2 + bT + cI is invertible.

2
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Spectral Theorem for symmetric/Hermitian matrices

Theorem 74 (Spectral Theorem for symmetric/Hermitian matrices)

A symmetric matrix A ∈ Rn×n is orthogonally diagonalizable: There exists an
orthogonal matrix Q ∈ Rn×n and a diagonal matrix D ∈ Rn×n such that:

A = QDQT =
n∑

i=1

λiqiq
T
i .

D =

λ1

. . .

λn

 , Q =

 q1 q2 · · ·

 .
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Spectral Theorem for symmetric/Hermitian matrices (2)

Proof (sketch): By induction on n := dimV .

Base case: n = 1, clear.

Inductive step: n− 1 =⇒ n.

• A symmetric =⇒ A has at least one eigenvector u ∈ Rn with λ ∈ R (previous
theorem).

• Define U := span{u}. U is invariant under A, i.e., ∀v ∈ U : Av ∈ U .

• Consider U⊥ and the restriction of A to U⊥.

• On U⊥, A is again a symmetric operator and dim(U⊥) = n− 1.

• Apply the induction hypothesis on this space of dimension n− 1. 2
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Complex version of this theorem

(often not as relevant to ML as the version above)

Theorem 75 (Complex Spectral Theorem)

A Hermitian matrix A ∈ Cn×n is unitarily diagonalizable:
There exists a unitary matrix U and a diagonal matrix D such that:

A = UDU
T
.

In particular, the entries of D are real-valued.
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Positive definite matrices
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Positive definite matrices

Definition 76 (Positive definite matrices)

A matrix A ∈ Rn×n is called:

• Positive definite (pd) if xTAx > 0 for all x ∈ Rn \ {0}.
• Positive semi-definite (psd) if xTAx ≥ 0 for all x ∈ Rn.
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Gram Matrices

Definition 77 (Gram matrices)

A matrix A is called a Gram matrix if there exists a set of vectors v1, . . . , vn such that:

aij = ⟨vi, vj⟩.

Observe:

• On Cn×n, Gram matrices are Hermitian.

• On Rn×n, Gram matrices are symmetric.
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Characterization of pd matrices over C

Theorem 78 (Characterization of pd matrices over C)

Let A ∈ Cn×n be Hermitian. Then the following are equivalent:

(i) A is psd (pd).

(ii) All eigenvalues of A are ≥ 0 (> 0) .

(iii) The mapping ⟨·, ·⟩A : Cn × Cn → C defined by:

⟨x, y⟩A := yTAx,

satisfies all properties of a scalar product
except one: if ⟨x, x⟩A = 0, this does not imply x = 0.

(iv) A is a Gram matrix of n vectors aij = ⟨xi, xj⟩, which are not necessarily linearly
independent (which are linearly independent)
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Characterization of pd matrices over C (2)

!

• Over C, positive definiteness implies self-adjointness.

• Over R, this is not true: pd ̸⇒ symmetric. To get a similar characterization of pd
matrices over R, we need to add a symmetry condition.
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Characterization of pd matrices over C (3)

Example:

A =

(
1 1
−1 1

)
.

• Over R, if x ̸= 0, then:

xTAx = x2
1 + x2

2 > 0 on R if x ̸= 0.

Thus, A is pd but not symmetric.

• Over C, the same matrix is not pd because x2
1 + x2

2 can be negative!
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Characterization of symmetric, pd matrices over R

TODO
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Roots of psd matrices

Theorem 79 (Roots of psd matrices)

Let A ∈ Rn×n be symmetric and positive semi-definite (psd). Then there exists a
matrix B ∈ Rn×n, also psd, such that:

A = B2.

Sometimes, B is called the square root of A, and is denoted as:

B = A1/2.
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Roots of psd matrices (2)

Proof.
• By the Spectral Theorem, we can write:

A = UDUT ,

where D = diag(λ1, . . . , λn), with λi ≥ 0 (since A is psd).

• Define: √
D := diag(

√
λ1, . . . ,

√
λn).
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Roots of psd matrices (3)

• Set:

B := U
√
DUT .

• Then:

B2 = (U
√
DUT )(U

√
DUT ) = U(

√
D)2UT = UDUT = A.

2

Remark:
More generally, we can define A1/k for any k ∈ N. Moreover, we can also define A−1

(in case A is psd and invertible) and Ak. For p, q ∈ Z, we can define Ap/q.
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Important psd matrices for ML

• Consider a data matrix X ∈ Rn×d, with n data points and d dimensions. We
assume the data are centered, that is, each column of X has mean 0.

• Then, the matrix:
C := XTX ∈ Rd×d

is called the covariance matrix (up to the factor 1/n).

• The matrix:
K := XXT ∈ Rn×n

is called a kernel matrix (for the linear kernel), and in this special case, it is also
the Gram matrix.

• All these matrices are symmetric and positive semi-definite (psd).

(Prove it!)
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Variational characterization of eigenvalues

ML Keywords: spectral clustering

Literature: Bhatia: Matrix Analysis
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Rayleigh coefficient

Definition 80 (Rayleigh coefficient)

Let A ∈ Rn×n be a symmetric matrix. The function:

RA : Rn \ {0} → R, x 7→ xTAx

xTx
=

xTAx

∥x∥2

is called the Rayleigh coefficient.
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Rayleigh coefficient → first eigenvalue

Proposition 81 (Rayleigh coefficient → first eigenvalue)

Let A be symmetric, and let λ1 ≤ λ2 ≤ · · · ≤ λn be the eigenvalues and v1, . . . , vn
the eigenvectors of A. Then:

• Smallest eigenvalue:

min
x∈Rn

RA(x) = min
∥x∥=1

xTAx = λ1, attained at x = v1

• Biggest eigenvalue:

max
x∈Rn

RA(x) = max
∥x∥=1

xTAx = λn, attained at x = vn
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Intuition for the proposition

Assume A is expressed in terms of the basis v1, . . . , vn by

A =

λ1 0
. . .

0 λn

 .

Let y be a vector, also represented in this basis:

y = y1v1 + y2v2 + · · ·+ ynvn, y =

y1
...
yn

 .

Then:
yTAy = λ1y

2
1 + · · ·+ λny

2
n.
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Intuition for the proposition (2)

Among the vectors 
1
0
...
0

 ,


0
1
...
0

 , . . . ,


0
...
0
1

 ,

the smallest result of yTAy is given by the vector
1
0
...
0

 ,

and the value would be λ1. Therefore the minimum equals λ1, and it is attained at v1.
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Formal proof (sketch)

Assume we start with the standard basis. Let Q =
(
v1 · · · vn

)
be the orthogonal

matrix whose columns are the eigenvectors of A, so that

A = QΛQT , Λ = diag(λ1, . . . , λn).

For x ̸= 0 consider the transformed vector y := QTx. As Q is orthogonal, ∥y∥ = ∥x∥
and x = Qy. Hence

RA(x) =
xTAx

xTx
=

(Qy)TQΛQT (Qy)

∥y∥2
=

yTΛy

∥y∥2
=

λ1y
2
1 + · · ·+ λny

2
n

∥y∥2
.

Now we look at the minimum:

min
x̸=0

RA(x) = min
∥y∥=1

(
λ1y

2
1 + · · ·+ λny

2
n

)
= λ1,
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Formal proof (sketch) (2)

since λ1 ≤ λi for all i and
∑

i y
2
i = 1. The minimum is attained for y =


1
0
...
0

, that is

for x = Qy = v1, with value λ1.
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Rayleigh coefficient → second eigenvalue

Proposition 82 (Rayleigh coefficient → second eigenvalue)

Consider a symmetric matrix A with eigenvalues

λ1 ≤ λ2 ≤ · · · ≤ λn.

Consider the optimization problem:

min
∥x∥=1, x⊥v1

R(x).

This problem is solved by x = v2, and R(v2) = λ2.



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

2
2
5

Proof intuition

Consider operator A restricted to the space

V ⊥
1 := (span{v1})⊥.

We know that on this space, A is invariant and symmetric, so we can apply Rayleigh
to this ”smaller” space:

V ⊥
1 = span{v2, . . . , vn}.

If we apply Rayleigh to V ⊥
1 , then we get the solutions λ2, v2.
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Min-max-Theorem / Courant-Fischer-Weyl

Theorem 83 (Min-max-Theorem / Courant-Fischer-Weyl)

Let A ∈ Rn×n be symmetric with eigenvalues λ1 ≤ · · · ≤ λn. Then:

λk = min
U subspace
dimU=k

max
x∈U\{0}

RA(x) (1)

= max
U subspace

dimU=n−k+1

min
x∈U\{0}

RA(x) (2)



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

2
2
7

Proof intuition

• For the case k = 1: Case (2) is essentially what we have already proven:

max
U subspace

dimU=n−k+1

min
x∈U\{0}

RA(x) = min
x∈V \{0}

RA(x) = λ1.

Here, max U subspace
dimU=n−k+1

can be dropped, and the result corresponds to the previous

result.

• Case (1) follows similar principles.

• Case k = 2: Similar to the previous argument.

• General case: Induction.
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Matrix norms

ML Keywords: Low rank approximation,
Perturbation analysis
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Motivation

We want to quantify the ”similarity” of various matrices. So we define ”norms” on the
space of all matrices.

! Not all of them are proper norms.
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Definitions of matrix norms

Given a matrix A ∈ Rm×n, we define the following norms:

• Maximum norm (entry-wise maximum):

∥A∥max = max
ij

|aij|

• Frobenius norm:

∥A∥F =

√∑
ij

a2ij =
√
tr(ATA) =

√∑
σ2
i

where σi are the singular values of A.
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Definitions of matrix norms (2)

• Spectral norm (operator norm):

∥A∥2 = σmax(A)

where σmax(A) is the largest singular value.
Alternatively, the spectral norm can also be defined as:

∥A∥2 = max
x̸=0

∥Ax∥
∥x∥

where ∥x∥ denotes the Euclidean norm, on Rn in the denominator and on Rm in
the numerator.
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Definitions of matrix norms (3)

• Induced (operator) norms:

∥A∥p = max
x̸=0

∥Ax∥p
∥x∥p

In particular

∥A∥1 = max
j

∑
i

|aij| (max. absolute column sum), ∥A∥∞ = max
i

∑
j

|aij| (max. absolute row sum).

The spectral norm ∥A∥2 above is the case p = 2.

• Nuclear norm:
∥A∥∗ = tr(

√
ATA)

Note: Many more matrix norms exist beyond those listed here.
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Simple inequalities

Let A ∈ Rm×n. Then:
∥A∥2 ≤ ∥A∥F ≤

√
n∥A∥2

1√
n
∥A∥∞ ≤ ∥A∥2 ≤

√
m∥A∥∞

∥A∥2 ≤
√

∥A∥1 · ∥A∥∞
Many, many more... see e.g., the book on Matrix Analysis by Bhatia.
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Singular value decomposition
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ML motivation: recommender systems

• Netflix ratings: huge matrix of user-movie-ratings!

Figure: The dot represents rating of user i for movie j.

• Ratings of a particular user are ”not random” but have structure.

• ”Compress” the matrix into something much smaller that also better represents
the ”structure” of the matrix.
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Singular Value Decomposition (SVD)
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Singular Value Decomposition (SVD) (2)
Proposition 84 (Singular Value Decomposition (SVD))

Consider A ∈ Rm×n of rank r. Then we can write A in the form

A = U · Σ · V T

where U ∈ Rm×m, V ∈ Rn×n are orthogonal matrices, and Σ ∈ Rm×n is ”diagonal”:

Σ =



σ1 0 . . . 0
0 σ2 . . . 0
...

...
. . .

...
0 0 . . . σr

0 0 . . . 0
...

...
. . .

...
0 0 . . . 0


︸ ︷︷ ︸

case r=n

or


σ1 0 . . . 0 0 . . . 0
0 σ2 . . . 0 0 . . . 0
...

...
. . .

...
...

...
0 0 . . . σr 0 . . . 0


︸ ︷︷ ︸

case r=m

.

Exactly r of the diagonal values σ1, σ2, . . . are non-zero. In the general case r < m
and r < n, so Σ has both zero rows and zero columns.
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Illustration



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

2
3
9

Illustration (2)

Matrix Dimension Meaning
U m×m Left singular vectors
Σ m× n Singular values (σi)
V T n× n Right singular vectors

Remark: It has min(m,n) singular values.
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Proof sketch

Given A ∈ Rm×n, we consider

B := A⊤A ∈ Rn×n.

Observe:

• B is symmetric:
(A⊤A)⊤ = A⊤(A⊤)⊤ = A⊤A.

• B is positive semi-definite:

x⊤Bx = ⟨x,Bx⟩ = ⟨x,A⊤Ax⟩ = ⟨Ax,Ax⟩ = ∥Ax∥2 ≥ 0.

So there exists an orthonormal basis of eigenvectors v1, . . . , vn of B with eigenvalues
λ1 ≥ · · · ≥ λn ≥ 0 (ordered decreasingly). Exactly r := rank(A) of them are
non-zero.
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Proof sketch (2)

Define:

• σi :=
√
λi, so σ1 ≥ · · · ≥ σr > 0 and σr+1 = · · · = σn = 0.

• For i = 1, . . . , r only (for i > r we would divide by 0) set

ui :=
Avi
σi

.

These are orthonormal, because ⟨Avi, Avj⟩ = v⊤i A
⊤Avj = λj⟨vi, vj⟩. Extend

u1, . . . , ur to an orthonormal basis u1, . . . , um of Rm.

• U =
(
u1 · · · um

)
∈ Rm×m, V =

(
v1 · · · vn

)
∈ Rn×n, both with the

vectors as columns.

• Σ ∈ Rm×n with Σii = σi for i ≤ r, and all other entries 0.
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Proof sketch (3)

Now we need to show that with these definitions, we have

A = UΣV ⊤.
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Proof sketch (4)

Verification:

• Columns of UΣ are given as:

σiui = σi
Avi
σi

= Avi.

• Now multiply with V ⊤:

• Rows of V ⊤ are the vi.
• Exploit that if i ̸= j, then vi ⊥ vj and ∥vi∥ = 1.
• The terms consisting of i, j with i ̸= j cancel, the term with i = j will result in
a factor of 1.

So we will be left with matrix A.
Conclusion: Finally, it is easy to see that U, V are orthogonal matrices, and that the
number of non-zero entries in Σ coincides with the rank. 2
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Basic properties of SVD

• The rank of a matrix coincides with the number of non-zero singular values.

• If the matrix A has rank r, then:

ker(A) = span{vr+1, . . . , vn}

range(A) = span{u1, . . . , ur}

Proof.
Exercise. 2
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Key differences between SVD (A) and eig (A)

• SVD always exists, no matter how A looks like! It can be rectangular, does not
need to be symmetric, etc.

• U , V are orthonormal! (Not true for eigenvectors in general.)

• Singular values are always real and non-negative.
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Key differences between SVD (A) and eig (A) (2)

If A ∈ Rn×n is symmetric, then the SVD is ”nearly the same” as the eigenvalue
decomposition:
If (λi, vi) are the eigenvalues/vectors of A, then:
(|λi|, vi) are the singular values/vectors of A.

In particular, left- and right-singular vectors are the same (up to signs).
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Relationship between SVD (A) and eig (AAT ) (AAT is

symmetric!)

• For general (not necessarily square) matrices A:

• Left-singular vectors of A are the eigenvectors of AAT .

• Right-singular vectors of A are the eigenvectors of ATA.

• λ ̸= 0 is an eigenvalue of AAT ⇐⇒
√
λ is a singular value of A.
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Rank-k-approximation

Given the SVD A = UΣV T , where the entries σ1, σ2, . . . are sorted in decreasing
order, let k ≤ r. We define a new matrix Ak by the following procedure:

To build Ak:

• Take the first k columns of U

• the first k entries of Σ

• and the first k rows of V T .
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Rank-k-approximation (2)

More formally:

Ak =
k∑

i=1

σiuiv
T
i

Observe: rank(Ak) = k.
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Best rank-k-approximation

Theorem 85 (Eckart-Young-Mirsky)

Let ∥ · ∥ be either the Frobenius norm ∥ · ∥F or the two-norm ∥ · ∥2. Consider a matrix
A ∈ Rm×n, Ak the rank-k matrix constructed above, and B ∈ Rm×n any other rank-k
matrix. Then:

∥A− Ak∥ ≤ ∥A−B∥.

In particular:

∥A− Ak∥ =

{
σk+1 in case of ∥ · ∥2,√∑min(m,n)

i=k+1 σ2
i in case of ∥ · ∥F .

Proof sketch. Skipped. ,
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SVD and matrix norms

Consider A ∈ Rm×n with singular values σ1 ≥ σ2 ≥ · · · ≥ σp (p = min{m,n}).
Then:

• ∥A∥F =
√

σ2
1 + σ2

2 + · · ·+ σ2
p,

• ∥A∥2 = σ1.

Proof sketch. Skipped. ,
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Relation to machine learning

Computational reasons for a rank-k-approximation:
The running time of many ML algorithms scales heavily in the (implicit) dimension.
Often they can be implemented efficiently if matrices are (sparse or) low rank.

Statistical reason:
ML only works if the data ”is simple.”

• Typical assumption: Data lies on a low-dimensional manifold (⇒ locally low
rank).

• (Data is sparse.)

Replacing a matrix with its SVD is supposed to get rid of noise.
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Pseudo inverse

ML Keywords: Linear regression!
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Pseudo-inverse

Definition 86 (Pseudo-inverse)

For A ∈ Rm×n, a pseudo-inverse of A is defined as the matrix A# ∈ Rn×m, which
satisfies the following conditions:

(1) AA#A = A (”nearly inverse”)

(2) A#AA# = A# (”nearly inverse”)

(3) (AA#)T = AA# (symmetry)

(4) (A#A)T = A#A (symmetry)

Remark: If A were invertible, A# = A−1.
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Pseudo-inverse (2)
Intuition:

• Consider a projection from R3 → R2:

A

x1

x2

x3

 =

(
x1

x2

)
.

• This cannot be inverted, as inversion would reconstruct the original point.

• But we can ”invent” a reconstruction, for example:

R : R2 → R3, R

(
x1

x2

)
=

x1

x2

0

 .

• Now we have:
ARA = A, AA#A = A, with R = A#
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Intuition: How could we define a pseudo-inverse?

• Consider a diagonal matrix:

A =



λ1 0 · · · 0 0 · · · 0
0 λ2 · · · 0 0 · · · 0
...

...
. . .

...
...

...
0 0 · · · λk 0 · · · 0
0 0 · · · 0 0 · · · 0
...

...
...

...
. . .

...
0 0 · · · 0 0 · · · 0


, with λ1, . . . , λk ̸= 0.

• Then set A# ∈ Rn×m to be the ”diagonal” matrix with 1/λ1, . . . , 1/λk on the
diagonal and 0 everywhere else. Note that its shape is transposed with respect to
A.

• This does the job for diagonal matrices.
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Intuition: How could we define a pseudo-inverse? (2)

• How do we generalize to all matrices? ⇒ Use SVD!
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Moore-Penrose pseudo-inverse

Proposition 87 (Moore-Penrose pseudo-inverse)

Let A ∈ Rm×n, A = UΣV T its SVD. Then the following matrix is a pseudo-inverse:

A# := V Σ#UT

with Σ# ∈ Rn×m defined as:

Σ#
ii =

{
1/Σii if Σii ̸= 0,

0 otherwise.

Proof sketch. Easy, just do it. ,
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Moore-Penrose pseudo-inverse (2)

Proposition 88

If A is invertible, then A−1 = A#.

Proof sketch. Easy, just do it. ,



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

2
6
0

Trace of a matrix
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Trace

Definition 89 (Trace)

The trace of a square matrix A ∈ Rn×n is the sum of its diagonal elements:

tr(A) =
n∑

i=1

aii.
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Properties

• tr : Rn×n → R is a linear operator. In particular:

tr(A+B) = tr(A) + tr(B).

• tr(A ·B) = tr(B · A).
! tr(A ·B) ̸= tr(A) · tr(B).

• The trace does not depend on the basis. Let T ∈ L(V ), and let B1 and B2 be two
bases of V . Then:

tr(M(T,B1)) = tr(M(T,B2)).
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Properties (2)

• The trace of an operator equals the sum of its complex eigenvalues summed
according to multiplicities:

Ã =


λ1 ∗ · · · ∗
0 λ2 · · · ∗
...

...
. . .

...
0 0 · · · λn

w.r.t. some basis{v1, . . . , vn}

⇒ tr(Ã) =
n∑

i=1

λi
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Properties (3)

• With the characteristic polynomial written in monic form, pA(t) := det(tI − A),
the trace equals the negative of the coefficient in front of tn−1:

pA(t) = det(tI − A) = tn + an−1t
n−1 + . . . , tr(A) = −an−1.

(Careful: elsewhere we also write det(A− tI) = (−1)npA(t), which is monic only
for even n.)
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Trace vs. determinant

tr(A) = sum of eigenvalues

det(A) = product of eigenvalues
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Riddle

Consider a real-valued matrix A ∈ Rn×n. Over C, we can always find eigenvalues
λ1, . . . , λn ∈ C and bring the matrix into triangular form Ã. Then:

tr(A) =
n∑

i=1

aii ∈ R,

and

tr(Ã) =
n∑

i=1

λi ∈ C

but the two are identical because trace is ind. of the basis, hence tr(Ã) ∈ R! ?!?
So even over C, the trace always is a real number. Seems confusing...

Let’s look at an example:
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Riddle (2)
Example:
Consider a rotation matrix:

A =

(
cos θ − sin θ
sin θ cos θ

)
.

• A does not have any real eigenvalues.

• The trace is given as 2 cos θ.

• The characteristic polynomial of A is:

p(t) = det (A− tI) = det

((
cos θ − t − sin θ
sin θ cos θ − t

))
,

which expands to:

p(t) = (cos θ − t)2 + sin2 θ = t2 − 2 cos θ · t+ 1.
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Riddle (3)
• The roots of p(t) are:

λ1,2 =
2 cos θ ±

√
(2 cos θ)2 − 4

2
.

These are complex eigenvalues:

λ1,2 = cos θ ± i sin θ.

• The diagonal representation of A is:(
λ1 0
0 λ2

)
.

The trace is:

tr(A) = λ1 + λ2 = (cos θ + i sin θ) + (cos θ − i sin θ) = 2 cos θ ∈ R.
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What is going on?

For any real matrix A ∈ Rn×n, if λ ∈ C is an eigenvalue, then λ is also an eigenvalue.

Reason: Complex eigenvalues have their roots in solving quadratic equations, as in
the last example:

λ1,2 =
−b±

√
b2 − 4ac

2a
.

• If b2 − 4ac > 0, eigenvalues ∈ R.

• If b2 − 4ac < 0, then eigenvalues are:

λ1,2 =
−b

2a
± i

√
4ac− b2

2a
,

which are complex conjugates, and λ1 + λ2 ∈ R.
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Matrix series
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Spectral radius

Definition 90 (Spectral radius)

The spectral radius of a matrix A ∈ Rn×n or A ∈ Cn×n is defined as:

ρ(A) := max{|λ| : λ ∈ C eigenvalue of A}.

(Note that even for real matrices, this definition considers all complex eigenvalues of
A.)
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Spectral radius (2)

Proposition 91

lim
k→∞

Ak = 0 ⇐⇒ ρ(A) < 1.

(In Frobenius norm: ∥Ak − 0∥F → 0.)
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Spectral radius (3)

Proof sketch.

• ”⇒”: Let v be the eigenvector of the eigenvalue λ that defines ρ(A). Then:

0
ass.
= lim

k→∞
Akv

eig.
= lim

k→∞
λkv = ( lim

k→∞
λk)v.

This implies limk→∞ λk = 0, and hence |λ| < 1.

• ”⇐”: Proof for symmetric matrices:
Write A = UDUT , then Ak = UDkUT .
Since ∥Ak∥F = ∥Dk∥F , and Dk → 0, it follows that ∥Ak∥F → 0.

For general matrices: Use Jordan normal form (proof skipped). ,
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Neumann series

Proposition 92 (Neumann series)

• The series
∑∞

k=0A
k converges if and only if ρ(A) < 1.

• If ρ(A) < 1, then (I − A) is invertible and:

(I − A)−1 =
∞∑
k=0

Ak.

Over R : 1
1−a

=
∑∞

k=0 a
k for |a| < 1.

Proof intuition:
For symmetric matrices, apply matrix powers to diagonal matrix D. For general
matrices, proof requires more work (skipped).
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Matrix exponential

For any matrix A, the series:

exp(A) =
∞∑
n=0

An

n!
= I + A+

A2

2
+ . . .

converges. It is called the matrix exponential.
The matrix exp(A) is always invertible, and:

(exp(A))−1 = exp(−A).
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Implementing matrix operations

Literature:
Golub/van Loan: Matrix computations
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Triangular matrices are great
If we have a matrix in triangular form, many standard quantities can be easily
computed:

• Solving a linear system: Ax = b:a11 a12 a13
0 a22 a23
0 0 a33

x1

x2

x3

 =

b1
b2
b3

 .

Starting from the bottom:
x3 = b3/a33,

then plug into the second-to-last row:

x2 = (b2 − a23x3)/a22,

and so on.
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Triangular matrices are great (2)

• Eigenvalues are the entries on the diagonal.

• det(A) is the product of the diagonal entries.

So many numerical algorithms are based on triangular matrices.
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Linear systems: theory

Solving linear systems is one of the most basic tasks and appears as a subset of more
complex algorithms.

Ax = b

Proposition 93 (Linear systems)

Let A ∈ Rm×n, b ∈ Rm.

(i) The set of solutions of Ax = 0 is given by ker(A) and is a subspace of Rn.

(ii) The system Ax = b has at least one solution if and only if b ∈ Range(A).

(iii) If w is a solution of Ax = b, then the full set of solutions is given by:

w + ker(A) := {w + v | v ∈ ker(A)}.
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Gaussian algorithm to solve linear systems

Intuition:

• Take the first equation and use it to eliminate the first variable in all other
equations.

• Then use the second equation to eliminate the second variable from all remaining
equations.

• And so on.

• At the end, we are left with an upper triangular matrix.

• We then solve the system starting from the bottom.

Of course, clever tricks such as selecting the best row for pivoting (reordering,
rearranging, etc.) can be done.

Computational complexity in general case: O(n3).
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LU decomposition

Idea:

One can see that the Gaussian elimination algorithm implicitly does something more
general.

Given a square matrix A, it decomposes A into a product:

A = L · U ,

where L is a lower triangular matrix and U is an upper triangular matrix.

LU decomposition exists under certain conditions. In particular, for symmetric
positive-definite matrices, it always exists.

Computational complexity: O(n3).
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LU decomposition to solve a linear system

Once we have an LU decomposition (O(n3)), the solution to the problem Ax = b can
be found by solving two linear systems (trivial due to triangular form):

(1) Ly = b (O(n2))

(2) Ux = y (O(n2))

⇒ Ax = LUx = Ly = b
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LU decomposition to compute the inverse

To compute the inverse of a matrix A, we need to find a matrix X that satisfies
AX = I. This corresponds to solving n linear systems:

Axi = ei,

where ei are the standard basis vectors. Once we have the LU decomposition of A, we
can simply solve these systems.

Complexity complexity: O(n3)
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Cholesky factorization

For the special case of symmetric, positive-definite matrices, we can simplify the LU
decomposition:

A = LLT ,

where L is a lower triangular matrix. This is numerically very stable, uses less memory
than LU, and is faster than LU (still O(n3), but with better constants).
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QR decomposition

Any matrix A ∈ Rm×n can be decomposed as:

A = QR ,

where Q is an orthogonal matrix, and R is upper triangular. Several algorithms exist,
with different advantages and disadvantages.

Complexity complexity: O(n3)
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QR decomposition to find an orthogonal basis

In particular, if A has full rank (i.e., its columns are linearly independent), then Q
contains an orthonormal basis of Rm.

More generally, the first k columns of Q form an orthonormal basis of the subspace
spanned by the first k columns of A.
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QR decomposition to compute all eigenvalues of dense
matrices A
Iterative procedure:

• Set A(0) = A.

• For k = 1, 2, . . .:
• Compute the QR factorization of A(k−1):

A(k−1) = Q(k)R(k).

• Recombine in reversed order:

A(k) := R(k)Q(k).

Note:
Ak+1 = RkQk = (Q−1

k Qk)RkQk = Q−1
k AkQk.

Under certain assumptions, Ak converges to a triangular matrix or even to a diagonal
matrix (e.g., if A is symmetric).
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Largest eigenvalue and eigenvector

Let A ∈ Rn×n with eigenvalues λ1, . . . , λn such that:

|λ1| > |λ2| ≥ · · · ≥ |λn|.

Power method (vanilla version):

• Start with a random vector x0.

• Iteratively compute:

vk+1 =
Avk
∥Avk∥

.

• If |λ1| > |λ2|, then vk converges to the eigenvector v1. The speed of convergence
depends on the spectral gap |λ2/λ1|.

Issues: Problematic if the eigenspace has dimension > 1, or if it is unknown whether
A has an eigenvalue in the first place.
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Conjugate gradient method for linear systems of sparse

symmetric positive-definite matrices

Problem:
Many of the algorithms we have seen (LU, QR, etc.) cannot fully exploit sparsity of a
matrix.

Bad: in ML, many matrices are very sparse.

Solution: Use iterative methods that are based on matrix-vector multiplications.
(example: power method)
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Iterative methods for sparse matrices

• We want to solve Ax = b.

• Consider the minimization problem:

Φ(x) =
1

2
xTAx− xT b.

Minimum is achieved by setting x := A−1b.

• So we can find the solution x to our system Ax = b by minimizing Φ.

• The gradient is:
∇Φ(x) = Ax− b,

and can be computed just with a matrix-vector product (good for sparsity).

• Now apply optimization methods (conjugate gradient descent).
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Spaces of functions: Continuous, differentiable, integrable

SKIPPED
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Space of continuous functions

Definition 94 (Space of continuous functions)

Let T be a metric space,

Cb(T ) := {f : T → R | f is continuous and bounded}

i.e., ∃c ∈ R such that ∀t ∈ T : |f(t)| < c

As a norm on Cb(T ) we use
∥f∥∞ := sup

t∈T
|f(t)|
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Space of continuous functions (2)

Proposition 95

The space Cb(T ) with the norm ∥ · ∥∞ is a Banach space, i.e., a complete normed
vector space.

Proof outline:

• Need to check vector space axioms

• Norm axioms

• Completeness: follows from the fact that ∥ · ∥∞ induces uniform convergence
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Space of differentiable functions

Definition 96 (Space of differentiable functions)

Let [a, b] ⊂ R, then

C1([a, b]) := {f : [a, b] → R | f is continuously differentiable}
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Space of differentiable functions (2)
Which norm?

• Consider ∥ · ∥∞. With this norm, C1 is not complete!

f2f1

→ limit function, not differentiable!

•
∥f∥C1 := sup

t∈[a,b]
max {|f(t)|, |f ′(t)|}

∥f∥ := ∥f∥∞ + ∥f ′∥∞
C1([a, b]) with any of these two norms is a Banach space.
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Spaces of integrable functions?

• Consider Cb([a, b]) with the norm ∥f∥1 :=
∫ b

a
|f(t)| dt

We can see: ∥ · ∥1 is a norm, but the space is not complete.
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Spaces of integrable functions? (2)

• Consider R([a, b]) of all Riemann-integrable functions on [a, b] ⊂ R, together with
∥ · ∥1.

However, on R([a, b]), ∥ · ∥1 is not a norm: it is not true that

∥f∥ = 0 ⇒ f = 0SK
IP
PE
D
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The space Lp

Definition 97 (The space Lp)

For 1 ≤ p < ∞, we define

Lp([a, b]) :=

f : [a, b] → R

∣∣∣∣∣∣
f measurable wrt Lebesgue measure and∫

|f(t)|p dt < ∞


As a norm we use

∥f∥p :=
(∫

|f(t)|p dt
)1/p
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The space Lp (2)

Definition 98 (The space L∞)

The case p = ∞ is defined separately:

L∞([a, b]) := {f : [a, b] → R | f measurable, ∃C : |f(t)| ≤ C for almost all t}

with the norm

∥f∥∞ := ess supt∈[a,b]|f(t)| = inf{C ≥ 0 | |f(t)| ≤ C for almost all t}.
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The space Lp (3)

Proposition 99

∥f∥p is a semi-norm on Lp.

Proof.
• Vector space: Lp is a vector space.

• Semi-norm: observe: ∥f∥p = 0 ⇒ f = 0 almost everywhere (a.e.)
So we do not have that ∥f∥p = 0 ⇒ f = 0.

2

! ∥f∥p is not a norm! For example, the function f(x) =

{
1 if x = 17

0 otherwise
has

integral 0, but is not the 0-function.SK
IP
PE
D
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The space Lp (4)

Proposition 100

Lp is complete under ∥ · ∥p.

Proof.

If (fi)i∈N is a Cauchy sequence in Lp, then want to prove that lim
i→∞

fi ∈ Lp.

This is equivalent to proving the following:

Let (fi)i be a sequence such that

a :=
∞∑
i=1

∥fi∥p < ∞ (⋆)

Then there exists f ∈ Lp such that
∑n

i=1 fi → f in ∥ · ∥p as n → ∞.SK
IP
PE
D
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The space Lp (5)

Define

ĝ :=
∞∑
i=1

|fi|

Note: This might not yet be a well-defined function from [a, b] → R, might be ∞ at
certain points.
Let

ĝn :=
n∑

i=1

|fi| ∈ Lp

By Minkowski:

∥ĝn∥p
def
=

∥∥∥∥∥
n∑

i=1

|fi|

∥∥∥∥∥
p

Mink.
≤

n∑
i=1

∥fi∥p
ass.(⋆)
< a

⇒ ĝn → ĝ monotonically
SK
IP
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D



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

3
0
3

The space Lp (6)

By theorem of monotonic convergence, g is measurable and we have

lim
n→∞

∫
ĝpn dλ =

∫
lim
n→∞

ĝpn dλ
def
=

∫
ĝp dλ ≤ ap

⇒ ĝ < ∞ a.e., that is, there exists a set N of measure 0 s.t. on [a, b] \N, ĝ is finite

Now we can define

g(t) :=

{
ĝ(t) t ∈ [a, b] \N
0 t ∈ N

∈ Lp
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The space Lp (7)
From this, it now follows that

f(t) :=
∞∑
i=1

fi(t), t /∈ N

exists. For t ∈ N , we set f(t) := 0.
Now f is measurable and in Lp, because∫

|f |p dλ ≤
∫

ĝp dλ < ∞

Finally,

∞∑
fn converges to f in ∥ · ∥p because of the Theorem of dominated convergence.

2
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From Lp to Lp

We constructed a space Lp with the Lebesgue integral as a semi-norm. This means,
given f ∈ Lp, we can change the p-values of f in a set of measure 0, resulting in f̃ ,
but the norm “does not see a difference”:

∥f − f̃∥ = 0

To fix this, we want to consider functions to be “equivalent” if they only differ by a
set of measure 0.
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From Lp to Lp (2)
The formal construction goes as follows:

Define
N := ker(∥ · ∥p) := {f ∈ Lp | ∥f∥p = 0}

It is a subspace of Lp.

Now consider the quotient space of Lp w.r.t. this subspace:

Lp([a, b]) := Lp([a, b])/N

Define a norm on Lp by
∥ [f ]︸︷︷︸

new

∥p := ∥ f︸︷︷︸
old

∥pSK
IP
PE
D
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From Lp to Lp (3)

This norm is well-defined: if f, f̃ ∈ [f ], then ∥f∥p = ∥f̃∥p.

This ”norm” is a norm, because

∥[f ]∥p = 0 ⇒ [f ] = [0]

Conclusion: Lp with ∥ · ∥p is a Banach space!

For simplicity, in future we write ∥f∥p for ∥[f ]∥p.

Elements (”functions”) in Lp are equivalence classes [f ] consisting of all functions
that coincide a.e.
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From Lp to Lp (4)

!

• It does not make sense to evaluate f(0) because {0} has Lebesgue measure 0.

• Quite annoying for machine learning, where we always want to evaluate functions
on input points.

• Often use alternative spaces instead, for example reproducing kernel Hilbert spaces.
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Operator norm SKIPPED
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Continuous = bounded

Theorem 101 (Continuous = bounded)

Let X,Y be normed spaces and T : X → Y be linear. Then the following statements
are equivalent:

(i) T is continuous.
∀x ∈ X ∀ε > 0 ∃δ > 0 ∀y ∈ X : ∥x− y∥ < δ ⇒ ∥Tx− Ty∥ < ε

(ii) T is continuous at 0.

(iii) T is bounded:
∃M > 0 ∀x ∈ X : ∥Tx∥ ≤ M · ∥x∥

(iv) T is uniformly continuous.
∀ε > 0 ∃δ > 0 ∀x ∈ X ∀y ∈ X : ∥x− y∥ < δ ⇒ ∥Tx− Ty∥ < εSK

IP
PE
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Continuous = bounded (2)
• uniformly continuous

• not uniformly continuous
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Operator norm

Definition 102 (Operator norm)

Let X,Y be normed spaces, and let T : X → Y be linear and continuous.

∥T∥ := sup
x∈X,x̸=0

∥Tx∥
∥x∥

= sup
x∈X
∥x∥≤1

∥Tx∥ = sup
x∈X
∥x∥=1

∥Tx∥

is called the operator norm of T .

Observe: coincides with the matrix norm ∥ · ∥2 as we had defined it earlier.SK
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Examples

• Evaluation operator: T : C([0, 1]) → R, T f = f(0).
As norm consider ∥ · ∥∞ on C([0, 1]), | · | on R. Then:

∥T∥ = 1, sup
f∈C([0,1])

|Tf |
∥f∥∞

= sup
|f(0)|
∥f∥∞

= · · · exercise · · · = 1

• Integral operator: T : C([0, 1]) → R, T f =
∫ 1

0
f(t) dt

With the same norm as above, T is continuous and

∥T∥ = 1SK
IP
PE
D
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Examples (2)

• Differential operator: D : C1([0, 1]) → C([0, 1]), f 7→ f ′

• Consider ∥ · ∥∞ on C1 and C. Then D is linear, but not continuous!

• Consider ∥f∥ := ∥f∥∞ + ∥f ′∥∞ on C1. With this norm, D is continuous and
bounded.
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Dual space SKIPPED

SK
IP
PE
D



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

3
1
6

Dual space

Definition 103 (Dual space)

Let V be a vector space, T : V → F is called a functional (linear).

Given a vector space V , the algebraic dual space V ∗ consists of all linear functionals
on V :

V ∗ := L(V, F )

If V is a normed vector space, then the space of all linear, continuous functionals from
V to F is called the (topological) dual space V ′ of V .
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Dual space (2)

Remark: If V is finite dimensional, then V ∗ = V ′ because then linear mappings are
always continuous. In general, this is not true.

We endow the dual space with the operator norm

∥T∥ := sup
v∈V,v ̸=0

|Tv|
∥v∥

Proposition 104 (Dual space is normed space)

V ′ is a vector space, and the operator norm is indeed a norm on V ′.SK
IP
PE
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Dual space (3)

Proposition 105 (Dual space is Banach space)

If V is a normed vector space (but not necessarily complete), then V ′ with the
operator norm is a Banach space.

SK
IP
PE
D



U
lr
ik
e
vo

n
L
u
xb

u
rg
:
M
a
th
em

a
ti
cs

fo
r
M
a
ch

in
e
L
ea

rn
in
g

W
in
te
r
2
0
2
6
/
2
7

3
1
9

Examples

• K ⊂ R compact set, C(K) space of continuous functions with ∥ · ∥∞.
Then C(K)′ is equivalent to the space M(K), the space of all (Radon) measures
over K.

• S ⊂ R measurable set, 1 ≤ p < ∞, q such that

1

p
+

1

q
= 1.

Then: The dual of Lp(S) is given as Lq(S).SK
IP
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Riesz representation theorem

Theorem 106 (Riesz representation theorem)

Let H be a Hilbert space, H ′ its dual. Then the mapping

Φ : H → H ′, y 7→ ⟨·, y⟩

is bijective, isometric, and satisfies Φ(λx) = λΦ(x).

Stated differently: For any mapping x′ ∈ H ′, there exists a unique y ∈ H such that

x′(x) = ⟨x, y⟩.
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Adjoint operator SKIPPED
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Adjoint operator

Definition 107 (Adjoint operator)

Let T : H1 → H2 be linear and continuous, H1, H2 Hilbert spaces. Then there exists
an operator T ∗ : H2 → H1 such that

⟨Tx, y⟩H2 = ⟨x, T ∗y⟩H1

for all x ∈ H1, y ∈ H2. T
∗ is called the adjoint of T .

Remark: The existence of this operator is a consequence of the Riesz representation
theorem. SK

IP
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Adjoint operator (2)

Definition 108 (Self-adjoint Operator)

An operator T : H1 → H1 is called self-adjoint if

⟨Tx, y⟩ = ⟨x, Ty⟩.
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Quotient space SKIPPED

Not treated this year, but the videos exist if you are interested.
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Equivalence relation

Definition 109 (Equivalence relation)

Consider a set S. A subset R ⊂ S × S is called an equivalence relation on S if
∀x, y, z ∈ S:

(E1) (x, x) ∈ R (reflexivity)

(E2) (x, y) ∈ R ⇒ (y, x) ∈ R (symmetry)

(E3) (x, y) ∈ R, (y, z) ∈ R ⇒ (x, z) ∈ R (transitivity)

Notation: (x, y) ∈ R ⇔ x ∼ ySK
IP
PE
D
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Equivalence relation (2)

Example: V vector space, W ⊂ V subspace.
v ∼ u ⇔ v − u ∈ W

Example: Consider the space L1(R) of all functions f : R → R that are Lebesgue
integrable. Define:

f ∼ g ⇔ f = g almost everywhere
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Equivalence class

Definition 110 (Equivalence class)

The equivalence class of an element a ∈ S under equivalence relation ∼ is defined as

[a] := {b ∈ S | b ∼ a}

Proposition 111

Two equivalence classes [a] and [b] are either identical or disjoint.

Consequence: An equivalence relation on S results in a disjoint partition of
equivalence classes. SK

IP
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Quotient spaces

Constructing quotient spaces:

V vector space, W ⊂ V subspace, equivalence relation:

v ∼ u ⇔ v − u ∈ W

Denote the equivalence classes as [v].

Observe: the equivalence classes have the form

[v] = v +W = {u ∈ V | ∃w ∈ W : u = v + w} = {v + w | w ∈ W} ⊂ V
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Quotient spaces (2)

Definition 112 (Quotient ”space”)

Define the quotient ”space” as

V/W := {[v] | v ∈ V }

If [v], [u] ∈ V/W , define:
[v] + [u] := [v + u]

λ[v] := [λv]
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Quotient spaces (3)
These operations are well-defined:

• Suppose v′ ∼ v (i.e. v′ ∈ [v], [v] = [v′])
and u′ ∼ u. Is [v] + [u] = [v′] + [u′] well-defined?

• v ∼ v′ ⇔ ∃w ∈ W : v − v′ = w
u ∼ u′ ⇔ ∃w̃ ∈ W : u− u′ = w̃

• Then:
[v] + [u] = [v + u], [v′] + [u′] = [v′ + u′]

Need to check: (v + u) ∼ (v′ + u′)?

(v + u)− (v′ + u′) = (v − v′) + (u− u′) ∈ W ⇒ v + u ∼ v′ + u′

• Similarly, for scalar mult.

(V/W, +, ·) is a vector space: exercise.
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Quotient spaces (4)

Proposition 113

Consider g : V → V/W, v 7→ [v]. Then:

• g is linear

• ker(g) = W

• range(g) = V/W

• If V has finite dimension, then dim(V/W ) = dimV − dimW
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