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Quiz, questions 1t0 5

1. (B) VaLis M x D. The gradient has the shape of the parameter

2. (C) An affine function, y = Aa(A1x + by) + by = (A3A1)x + (Asb; + by).
Without a nonlinearity, the extra layer adds nothing

3. (A) The validation set. The test set stays untouched for the final estimate, and the training
set favors the network that overfits most

4. (C) Some network with finitely many hidden units is e-close everywhere.
The theorem says nothing about finding the weights (A),
unseen data (B), or how many units are needed (D)

5. (B) X" ,(9a4 — ya)*. —log of independent Gaussians with a fixed variance
is the sum of squared errors, up to constants.
(C) would come from a Laplace likelihood, (D) is the cross-entropy




Exercise Sheet 2




Exercise sheet 2

Sheet 2
Exercise You need Covered in
Pen & paper
1.1 Derivatives (ReLU, SiLU, tanh, softmax, cross-entropy) derivatives, chain rule tutorial 1, lecture 3
1.2 Softmax invariance softmax lecture 3
1.3 A gradient step of a 1-layer MLP MLP, gradient descent lecture 3
Coding
2.1 Binary classification of 2D points (MLP) EDF, your sheet 1 code (2.3) tutorial 2
2.2 Image classification of MNIST (MLP)
a-c) Logistic regression and MLP, 10 classes softmayx, cross-entropy lecture 3
d) Tanh, ReLU, SiLU nodes activation functions, 1.1 lecture 3
e) Numerical gradient numerical differentiation lecture 4 (next week)
f-i) Learning rate, depth, width training and evaluating lectures 3 and 4

» Same conda environment as sheet 1, solutions on 11.11.
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https://www.tml.cs.uni-tuebingen.de/teaching/2026_deep_learning/downloads_free/exercise_02.pdf

Solutions of Exercise Sheet 1
1. Pen and Paper




The Jacobian of a function from R? to R2 Sheet 1

Solution 1.1 a)}

Task Calculate the matrix of partial derivatives ﬁ for

f(x) = (f1(x), fz(X)): (eV*3sinmy, \/M) £: R® - R?

» The shape of |s 2 x 3, one row per output, one column per input

of eﬁ COS T 0 7@\/’;3\7%951
ox 0 2 L
\/log T3 +x§ 2x3 \/log wngx%
» Row 1, fi = e“sinx; with v = /z3 » Row 2, fo = /u with u = logzz + 23

0 0
i — e\/ﬁcosxl ﬁ =0 (noux)
E%rl é%rl
6f1 8f2 1
= =0 o —= = - 20
0xo (no z2) Ooxy  2\/u =
0 — 1 ) ]
izsinxl-('\”"-, %: 1 i
Jxs 2\/x3 Oxs 2/u  x3
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The Jacobian of an elementwise function Sheet 1 Solution 1.1b)]

Task Calculate 2£ for f(x) = (a(z1),...,a(zn)), a: R — R. What property does the matrix have?
f: R" - R"”
> The shape of & isn x 1 [oi}—"—[]
a
» fi = a(x;) depends only on x;, SO >
a(z;) ifi=j —{7s]
. (2 -
o = o [E——
0 ifi+#j

a'(xq) 0

> All entries together, & =

. . nonzero only on the diagonal
» The matrix is diagonal Y ¢
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Sigmoid: the derivative Sheet 1~ Solution 1.1¢)]

Task Calculate ¢’ (z) for o(z) = —2

Tre®
c) o(z) = H% =yt with u=1+¢7"
o'(x)=—u (chain rule)
_ 1 ( 7.’1)) _ eix
(1+e7)2  (14e)?
1 e ”
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The Jacobian of a sigmoid Sheet 1 Solution 1.1 )|

Task Calculate 2£ for f(x) = (a(z1),...,a(zn)) fromb), witha = o

» 9 is diagonal with entries o’ (2;) = o(;)(1 — o (z;))
> Thls is how an activation layer works, o is applied to every input separately

nXxXn

()L

» In the backward pass, the node gets | 1
» Chain rule in matrix form 2 = 2& &f T TI=CTT1 7
oL oL
.. . . Ox af \\
» Entry j is the row times column 3, only ot .
i = j is not zero o)
o ) 0 0 O I O 5 1 I
L Of; 0L /(x), the di |
Z ( fi (7 o () o’ (x), the diagona
833] df; Ox;  Of; 4
: the row ® the diagonal

Sigmoid.backward in edf.py, self.gradis 0£

» An elementwise product, the code
) ) self.x.addgrad(self.grad
never bUI|dS the nXxXn matrIX * self.value * (1 - self.value)) 6/29



Linear layer: the derivative for x Sheet 1 Solution 1.1¢) [

Task Calculate Y fory = Wxwith W e R"*", x ¢ R",y € R"

dy - .
» The shape of 5¥ ism x 1, one row per output y,, one column per input

» Every output v is a sum il
y PUt Yk y1 | = |wi1|wiz|wis
L= . Wk T; (row k of W times x 2
Y ZJ gt ( ) Y2 wa1 | w22 | w23
For example z3
y W
Y1 = W11T1 + Wi2To + W13T3 x
Y2 = W21T1 + Waak2 + W23X3
Oy1 | 9y1 | ya
l f ’yk _ Ozq | Ozo | Ox3 W
» Only one term of y;, contains x;, SO oe; — Whkj dya | Oya |Oya |
Gl . o
for example 24 = )y, R S
oy

ox
> Entry (k,j) of & iswyj, 50 X =W

» Backward pass VxL =W VyL (n)= (nxm)(m), the transpose of 92 = 2 W

In EDF grad @ A.T,sincex @ Auses A = W' 7/29



Linear layer: the derivative for w;; Sheet 1—Solution 1.1 ¢) i

Task Calculate ayk forall k, i and j

Y1 = wW11T1 + w1222 + W13x3, Y2 = W21 + Wo2X2 + W33

> wio appears only in y;, next to xy, so P/\ —
1
oy __ Oyz  __ =
Buns — 2 P, =0 - il s o
» Ingeneral, w;; appears only in output y;, next to z; Y2 w21 | w22 | W23 .
D 3
y w —
Ow; 0 ifk+£4d
> Asavector, 52~ has x; in entry ¢ and zeros nay
elsewhere
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Linear layer: the loss derivative for w;;

Task Let A € R™™. Simplify wi; = A 22X

w;j

A2 s arow times a column, a number

wi

D — m Yk
Wij = k=1 01k o,
:CL11'0+...+(L1il‘j+...+a1m-0

= a1 x; (only k = i is not zero)

> If A= % comes from the layers after y, then w;; =

Sheet 1 Solution 1.7 €) iii}

ool

A 1 xm

= ai; .'I'j

oL

ow;;
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Linear layer: the loss derivative for W [Sheet 1 Solution 1.1 ¢) il

» The gradient puts all partial derivatives in the shape of the variable (tutorial 1)

> So VwLis m x n like W, with entry (i, j) equal to 2£- = ay; z; (slide 9, A = 25)

ai; Ty a1: Tj
(1] H |
E 0 . _
a11xry o G11%p
VwiL = VoL =AT xT Vw£L
A1mT1 A1mTp m X 1 1xn mXn

copy the column right and the row down (dashed), then
multiply

» This is the outer product V£ = V,L x" (m x 1times 1 x n)

» Why one weight at a time? The chain rule for all of W needs g—gv, a vector by a matrix,
which is not a matrix (three indices). For one weight, % is a vector
ij

. L 10/29
As in lecture 3 and Affine.backward (tutorial 2). Coding task 2.1 computes it in NumPy @




Linear regression: the derivatives of the loss [Sheet 1 Solution 1.2

oL
owq '

Task Compute 2= and and implement them in compute_derivatives (2.2 a)

L= N Zi:l(wo + wix; — yi)2 = % sz\il 7’1'2 with the residual ;= wWo + wWixT; — Y;

oL 1 o 1L o N
Do N; ZZ"'@wi):N;Z'“:N;”
oL 1 - ()7'i 1 N . 2 N
Bwl N ; ZZI/ C)’wl = N ;‘Zm Xy = N ;T’i T;

chain rule with outer derivative 2r; and inner derivative dr; /0w, the sum and % stay as they are

def compute_derivatives(x, y, slope, offset_y):
r = offset_y + slope * x - y # (N,)

return 2 * np.mean(r * x), 2 * np.mean(r)

11/29

The code, solution 2.2 a) @




Computation graphs: the graph of A Sheet 1 Solution 1.3

Task a) Introduce intermediate variables, one operation each. b) Draw the computation graph

A= el/fb log(a + b) + cos(v/a)

t=+a ,
= ath @ @< +

t3 to — E,/(1,-‘,—b

t4 — t1/t3 — \/a/ea,er @
t5 = IOg to = log(a =+ b) + B GD/V

I
)

te =ty -ts =+/a/e log(a+b) iz
ty = costy = cos(va) » One operation per variable, ¢; and ¢, are
A=t +tr=+/a/e " log(a+b) computed once and reused

. 12/29
+ cos(y/a) » q,t, and t, feed two nodes each



Computation graphs: the backward pass for A Sheet1_ Solution 1.3

Task c) Write the product each edge sends back. d) At each node, write the sum that gives the
derivative of the output

@ > c)every edge u — v sends 24 2v
@ @ back to u
oA 0ts @ » d) every node sums what it receives.
@ A node with one child gets one term,
@ @ @ for example 54 = 24 9
@ » A node with two children sums two
curved arrows: the gradient flows back from A terms
OA  0AOts N OA Ot3 0A  0AOt; . 0A Oty
Oty Ots Oty Otz Oty ot, Oty Ot Oty 0ty

04 _ A0t | 0400
da ~ Oty da = Oty da 13/29



Computation graphs: the graph of B Sheet 1 Solution 1.3

Task a) Introduce intermediate variables, one operation each. b) Draw the computation graph

B = 42¢M0HVe L sin(a 4 b + /€) + (a + b+ +¢) by/e

t = \/C
ta=a+b+t; —a-+b+./c (o) . N\ .
ty=b-t = by/e (t2}—>(1s)—(B)
ty = 422 — 4oatbhve 0‘ /

t5 = sinty = sin(a + b+ +/¢) /r

te =t2-t3 =(a+b++c)bc NG
B=ty+1ts5+ts

» t, feeds three nodes, ¢; and b feed two nodes each
14/29



Computation graphs: the backward pass for B Sheet1_ Solution 1.3

Task c) Write the product each edge sends back. d) At each node, write the sum that gives the
derivative of the output

> c) every edge u — v sends 25 9¢

@ tou
@ @ @ back

@ » d) every node sums what it receives.
Nodes with one child get one term,

for example 98 = 9B 9t

Ots ~— Otg Ots

O, &

oB  0BOty 0BOJts 0B Otg

Oty Oty Oty = Oty Oty = Otg Ots
0B OB 0Otq OB Ots oB B OB 0Otq (978 %

O O 0L O 0L, Ob Oty Ob | dt; b
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Computation graphs: the graph of C Sheet 1 Solution 1.3

Task a) Introduce intermediate variables, one operation each. b) Draw the computation graph

3
C= Z(wo +wix; — yi)2 (the squared error of linear regression on 3 points)
i=1
For each data point: = 1,2,3
z; = w1 - z; (weighted input)
n; = —1-y; (negative target)
r; = wo + 2z +mn; (residual)
= Wo + W1Ti — Yi
L; = r? (loss of point 1)

C=L1+ Lo+ L3

» w and w; feed three nodes each, one per data point
16/29



Computation graphs: the backward pass for C

Sheet 1 Solution 1.3

Task c) Write the product each edge sends back. d) At each node, write the sum that gives the

derivative of the output

O, OO

@)

O==0) OEO=0)

—

3

ac

i=1 1=1

9C 0z o
- S N T
Ows Z 0z; 0wy Z i

3
ocC
dwy ;

» c)every edge u — v sends

ac dv
B 5o back to u

» d) every node sums what it

receives, only wy and wy get
more than one term

» |In EDF, Parameter.addgrad

sums over the batch
aC ar; <

— = g 2r;
()IQ ()U)“
1=1

» The weights are used once per data point, so their gradients have one term per point (as

in12)
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Logistic regression: deriving the gradient

[Sheet1 Solution 1.4

Task Show that Vwé Zz L(yz,gjl) = % Zz(yz = yi) Xi
hi=w'x;, §i=0(h), Ly, %)= —yilogd — (1 —y;)log(l — ;)
% o oL (‘)’gl‘ ()/I,'
ow Oy, Oh; Ow
1xD 1x1 1x1 1xD
) 1 — s
= (% -1=2) gl—9:) x/
Yi L=/ e —r
o’ (hi), 11¢)

= (1= ) — A —wi) ) x; = (@i —wi)x,

» The gradient is the transpose, (§; — y;) x;, @ column like w

> The gradient of the mean is the mean of the gradients, &

(0 — i) xi
The code, solution 2.3 a) @
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Linear vs. logistic regression

Linear regression (1.2) Logistic regression (1.4)

Score h=w'x h=w'x

Target y a real number alabel, 0 or 1

Output ¢ g=nh g = o(h), a probability

Loss (1 —vy)? —ylogg — (1 —y)log(1 —9)
Likelihood of y  Gaussian Bernoulli

Gradient Ve L 2(y —y)x (1—y)x

Solution closed form (2.2 b) gradient descent only

» The same linear score. The distribution of y decides the output function and the loss

» Both gradients are prediction minus target, times the input. In 1.4, ¢’ cancels against the
derivative of the cross-entropy 19/29



Solutions of Exercise Sheet 1
2. Coding




Broadcasting: an outer product Sheet 1 Solution 2.1

Task Implement vector_derivative product (4, x),the matrix of all w;; = a1; x;
@ implements 1.1 e) iii

A (1, 64) and x (32,)

ai; Z 5 a14 Ty

[TTTTTTT]
077 . O —
A.reshape(-1, 1) x.reshape(l, -1) result
(64, 1) (1, 32) (64, 32)

» * copies the column to the right and the row down (dashed), both become (64, 32)
» Then it multiplies entry by entry, so entry (¢, j) is a1; z;
return A.reshape(-1, 1) * x.reshape(l, -1)

> The sameresult withA.T * x, A.T @ x[None, :], np.outer(4, x) 20,2



Linear regression: the derivatives in code [Sheet 1 Solution 22a)]

Task Implement compute_derivatives, the two derivatives of the loss (implements 1.2)

With the residual r; = wg + wiz; — y;, Solution 1.2 gives

N
oL 2 Z oL 2
. r: . reoTs
8’[1)0 N, 1 v 811}1 N t
1= =
def compute_derivatives(x, y, slope, offset_y):
r = offset_y + slope * x - y # (N,), all residuals at once

return 2 * np.mean(r * x), 2 * np.mean(r)

» r holds all N residuals, so there is no loop over the points
> np.meanisthe 3- >, r * x multiplies entry by entry

» The function returns the slope derivative first, then the offset derivative

@ The derivation, solution 1.2 2z




Linear regression: the gradient in matrix form [Sheet 1 Solution 2.21)|

Task Implement compute_weights_cf (X, y),the closed form solution (the derivatives of 1.2 set to
Zero)
Every row of X is (z;, 1)

» The loss in matrix form L(w) = || Xw — y||? (the

E - does not move the minimum)
. ]
A = hwizitwo » Its gradient, the derivatives of
1 .
. & solution 1.2
X w Xw stacked (without the <, r; the residuals)
(100, 2) (2,) (100,)

» Row j of X T times the residuals is the sum over

Row i of Xw is the prediction for point s, the points, and r; is entry i of Xw —y

with slope w1 and offset wq

r1
Z,'I ...

, 22/29
N



Linear regression: the closed form [Sheet 1 Solution 2.2 b)|

Task Implement compute_weights_cf (X, y),the closed form solution (the derivatives of 1.2 set to
Zero)

>

>

The gradient from the last slide, V£ = 2XT(Xw —y)
At the minimum itis zero, X' Xw = XTy

XX is 2 x 2 and invertible here (the =, are not all equal, so the two columns of X are
independent), so
w =X"X)"! X7 y

N ——— N
2 2x2  2x100 100

np.linalg.solve(X.T @ X, X.T @ y) # solves X’T X w =X"Ty

Why not inv(X.T @ X) @ X.T @ y? solve never computes the inverse, so it is faster
and more accurate
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Closed form vs. gradient descent (Sheet 1 Solution 2.2 a-b)|

Task Train with the derivatives (2.2 a) and with the closed form (2.2 b), and check that the line fits (2.2
a) implements 1.2)

» Closed form, wy = 7.04 (slope) and 141
wg = 49.46 (offset) in one step 124

» Gradient descent (2.2 a) needs 100 000 § 101

(]

steps to get close (7.06, 49.27) s 8

» The data has x between 0 and 10. In the °] =
prediction wiz + wy, a change in wy is ‘bw
multiplied by = (up to 10), a change in wq only 275 10 20 30 40 50 6o
by1 offset wo

» So the loss is much steeper in w; than in wy. the loss as contours, and the path of gradient
The step size must be small for wy, and then descent

wg Moves slowly
24/29

» Preprocessing fixes this (lecture 4)



Linear regression: a node for the squared error Sheet 1 Solution 22¢)]

Task Implement the L2Loss node (forward and backward) and the graph of linear regression in EDF

(the backward is the derivative of 1.2)

] >
{x_node }—»[Aff ine ]—>{ L2Loss }
| 2
(B, 1)
N —————— | .
Y «—] (5 —y)?
grad - 2(y —y) >
@, 1 L2Loss | >
y —————> grad
B EEm—
rad - (—-2)(y —y)
g (—2)( ) >

self.value = (self.y_hat.value - self.y.value) **x 2
d = 2 * (self.y_hat.value - self.y.value)
self.y_hat.addgrad(self.grad * d); self.y.addgrad(-self.grad

Forward, one squared error per
sample

Li = (9 —w)? (B, 1)

Backward, = (9 — v)* = 2(j — v),
times the incoming grad

y is an Input, its gradient is dropped
No mean in the node. Backward
starts with loss.grad = 1/B

Both must be (B, 1). With (B,),
the differenceis (B, B) (tutorial 2)
# forward
# backward

* d)
25/29



Logistic regression: the gradient in NumPy [Sheet 1 Solution 233))

Task Implement compute_derivative(x, y, y-hat),the gradient & >, (9: — y:) %
& implements 1.4

x (B, D+1),the D pixels and a column of ones (the last weight is the bias), §; = o(w x;) (1.4)

ones
1 mean over T?T
1 the rows

k 1| — —_— .

] gradient
1 (D+1,)

y-vy x row iis (i — yi) Xi

8, 1) (B, D) (B, D+1)

return np.mean((y_hat - y).reshape(-1, 1) * x, axis=0)

» The same as a matrix product (tutorial 2) x.T @ (y_hat - y) / len(y)
> Without .reshape(-1, 1), (B,) * (B, D+1) does not broadcast
» With the ones, one gradient holds the weights and the bias, one step updates both
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Logistic regression: from one probability to two [Sheet 1 Solution 23 b))

Task Implement SingleProbToProbVector, from P(Y=1| x) (B, 1) to both probabilities (B, 2),
and the graph (the model of 1.4 in EDF)

» So far, one probability per sample, z; = ¢, = o(w'x;), z (B, 1)
» With two classes, the second probability is 1 — z;

» EDF's CrossEntropyLoss expects one probability per class, (B, C), and takes
the entry of the true class

21 11—z

22 |1—22

23 | 1—23 Forward, one new column

24 |1—2z4 np.concatenate([z, 1 - z], axis=1)
z o

27/29



Logistic regression: the backward pass

_1)
91,091,1 g1,0—91
92,092,1 —»Gg2,0 —92
93,093,1 93,0—93
self.grad z.grad
(B, 2) (B, 1

>

Sheet 1 Solution 2.3 b)}

z; reaches the loss on two paths, through
both columns

self.grad brings g;,0 = a,ﬁo and

do;
. ac
9il = o, 1

Each path multiplies by its local derivative, 1
and —1

The paths meet at z;, so they are summed
(chainrule)

% =gio-14+gi1-(—1)=gi0—gin

All samples at once

(gl:

, 01 - gl:, 1]).reshape(-1, 1)

(B,) reshapedbackto (B, 1)
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Logistic regression: test error vs. resolution [Sheet 1 Solution 23|

Task Train the EDF model on the 4 x 4, 8 x 8 and 28 x 28 versions of the images (the model of 1.4)

Logistic regression in EDF, digits Tand 8, 10 epochs, D input features
Train 12 593 images (6 742 ones, 58571 eights), test 2109 images (1135 ones, 974 eights)

28 x 28

Input D Testerror Accuracy
Lxi(mear) 1 103%  897% ﬂ H ﬂ .
4x4 16 7.6% 92.4%
28 x 28 784 1.0% 99.0%

a Tand an 8 from the training set, with their mean pixel
» The mean brightness already separates many 1s from 8s (an 8 has more ink)

» More pixels give the model more information, and the error drops
29/29



